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Recap: Dynamic modeling

* A dynamic model describes the motion of a system while
considering the forces and torques that cause the motion.

e It Includes both kinematics and conservation laws
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Torgues on rotating rigid body

Forces on translating point mass
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Wrenches on moving rigid body




Recap: Point mass dynamics

« We will denote by:
. fP. e R3: the abstract force from source src acting on point mass b

o0 € R: the force from source src acting on point mass b, expressed in {s}.
* The Kkinetic energy of point b, Ex: R3 - R is given by:

« Ex(vy )— m(v;°) v ! B
* The linear momentum of point b expressed in {s}, P,f’b € R3 is given by:
b . OF
- P = Ss(v *) = mv}
* Newton’s law: Vh
° PSb — tf)f ZAS ./
S
or gb f
« 55 = 1 ,sb src
b mJtot 555
Vs

Forces on translating point mass



Recap: Point mass dynamics

* In summary,

|
:P;'b(O) HO!
|
S,b -s,b ¥ s,S . ¥
tot p> Ps’b Uy fs 5
_ v v -1 . b
L ] PR e P o g
R f'S — v;'S Kinematic relation

. va’b_ S,b Momentum balance

— Jtot
S,S —1pSb . :
* V) =m 1p; Constitutive relation

Rewritten as

A\ 4

- g =y

J. o§ _1 £sb
10 $p = m" fior

-S,S_ —1 rS,b
* Vy =M ﬁcot Rewritten as

Vs

Forces on translating point mass




Recap: Rigid body rotation dynamics

« We will denote by:
- 70 . € R3: the abstract torque from source src acting on body attached to {b}

- 72 € R3: the torque from source src acting on body attached to {b}, expressed in {x}.
* The kinetic energy of the rigid body, E,:SO(3) x R3> - R is given by:
* E(Ry wp%) =5 (0") TP (RE)

* The angular momentum of the rigid body expressed in {*}, P(j'b € R? is given by:

b . OE S\ )
Pt = 2 (R wy) = 1P RD) @

* Euler’s law in {s}:

ss,b _ _s,b
* Py = Tt

Torgques on rotating rigid body



Recap: Rigid body rotation dynamics

|
| PP (0) Rb(0)
|
b,b -b,b —¥ b,b b,s ~b,s 5S ¥ S
T P P wy’ Wy R R
tot W W _ b b | ps b b
/ o (04550 ke e B 1Ry 1/ >
v
~b s Pbb <
. Rb — RS ~bs Kinematic relation
S,b_ sb
Momentum balance
.+ Py @ = Tiot - n
* (Ub = (]b’b)_lpw' Constitutive relation
Rewritten as | |
. 1
S _ pS~Db,s
* Rp =Rywy
yb,b _ _bb _ ~b,spb,b
* P _ Ttot a)bb bpco
bs — (7b,b—1
© wp” =(7)TRY
Pa’j'b € R3 is the angular momentum of body attached to {h} expressed in {x}

J*? € R3*3 is the moment of inertia of body attached to {h} expressed in {*} Torgues on rotating rigid body



Recap: Rigid body rotation dynamics

b,b
Tiot

Ips

| P27 (0) 1Rp(0)

|
“b,b —X b,b bs ~Db,S S s
P(U Pa) b br—1 (l)b R (,l)b . s Rb R Rb

J 1U77) S " Rp 1S

!
~hbb b,s A
P(l) wb -

° P(j b _

b

= Ttot

. s~bS
RS = R3®
S,

Kinematic relation

Momentum balance

— b,b o _
— Ub'b) lp w Constitutive relation

Or rewritten
as

!
: — 2
- R} =Rja&p°
. Pbb — gbb | pbb b
bs_ b,b\—1 bb
* Wy = (") Py

Pa’j'b € R3 is the angular momentum of body attached to {h} expressed in {x}
J*? € R3*3 is the moment of inertia of body attached to {h} expressed in {*}

Torgues on rotating rigid body




Recap: Rigid body rotation dynamics

b,
" wp*(0) \R3(0)
I I
b,b 3b,b - b,s —% b,s ~Db,s 5S y S
TtOt Pa) w w w Rb Rb
bby-1| 2 [ =Pl g b__,IRs of [ >
r_ ™) > > b
~bs b bs <
7 TP w <
. Rb — RS ~bs Kinematic relation
. pr 1-50’% Momentum balance
— ,bN—1pb.b - .
¢ (Ub — (] b b) Pa) Constitutive relation
Which can l 1
also be 3
written as o Rg — Rga)«gs

= (") R — e

Pa’j'b € R3 is the angular momentum of body attached to {h} expressed in {x}

J*? € R3*3 is the moment of inertia of body attached to {h} expressed in {*} Torgues on rotating rigid body



Recap: Rigid body motion dynamics

« We will denote by:
strc e (R®)*: the abstract wrench from source src acting on body attached to {b}

WP e (R®)*: the wrench from source src acting on body attached to {b}, expressed in {x}.
* The kinetic energy of the rigid body, E.: SE(3) x R® - R is given by:
© B(H V%) =5 (B°) TP HD v,
 The generalized momentum of the rigid body expressed in {x}, P*? € (R®)" is given
by:
e pHb = aEk (Hb,V*S) TP (HEV,S

* Netwon- Eulers law in {s}: 2. (RS, €5

PSb_’M]tS(‘)ij /_N

Note: Vs
Wrenches and generalized W*’b,P*’b € (R6)*

momenta are covectors !! ) .
Wrenches on moving rigid body
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 Covector nature of wrenches and momenta




Kinetic energy invariance

* Kinetic energy Is a scalar, so it is a coordinate-free concept.
Ex(H3,V,*) = Ex(H3, V,°) = Ex(H;, vy°
* Let’'s examine the kinetic energy of the twist in {b}:
E(H5, V) = E(Vp) =5 () w00 v

bb — < JPP m €£m>

_mfé)m m 13

Generalized inertia

3 ¥PP € R8*6 is the generalized inertia of body attached to {b} expressed in {b} and is independent of H;



Kinetic energy invariance

* Kinetic energy Is a scalar, so it is a coordinate-free concept.
Ex(H3,V,*) = Ex(H3, V,°) = Ex(H;, vy°
* Let’'s examine the kinetic energy of the twist in {b}:
E(H5, V) = E(Vp) =5 () w00 v

« Using the definition of the generalized momentum, we have that
T
ZEk — (Vlf’s) Pb,b — (Pb,b)T'VIf,S

bb — < JPP m sff:’m>

_mfé)m m 13

Generalized inertia

; i) The duality pairing between twist V,”* and generalized momentum P*? is twice the kinetic energy 2E;



Generalized momentum

* Due to the invariance of kinetic energy, if we express the
momentum and twist in the {s} frame we have that:

ZEk — (Pb,b)T«VéD,S — (Pb,b)TAngvlf,S — (Ad;gpb,b)TVI;?,S — (Ps,b)T,Vl;s',S

 Therefore,

Vector VS’S = Ad SVb’S = ]:R6 PS’b = Ad__IPb’b € (R6)* Covector
b Hy Vb Hj
b,s S,S
v 1%
b b
Ad ;s
Hp,
Pb,b Ps,b
T
EAE B D AdHS —
5,3 % A vector and a covector change coordinates differently !! b




Wrench

 Just as with twists, we can merge torques and forces into a six-dimensional

object we shall call a wrench.
*,b

Wb = <T*b> € (R%)*
f )
* The duality pairing of a wrench and a twists gives mechanical power:
Power = (W*’b)TV,;"’S
 Since power is also a coordinate-free concept, we have that
vector | PSS = Angva'S € R® Wsb = Ad,;g,TWb'b € (R®)* | covector

b,s S,S

Ang

Wb’b Ws,b
] Adl-_l;s —
b
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* Rigid body dynamics




Rigid body dynamics

| phib(0) EHE (0)
|
v ~ . 4
Weat —~ P"" [ PPP T BT . | V. | Mo [ Hy
= (SI ) )_ » S > Hb > >
T pbb )
advll))’sp <
. Hi;; — Hgﬁéo,s Kinematic relation
e pSb= Wtsc;'lc) Momentum balance
b,s - _ :
¢ Vb — (zb’b) 1pbb Constitutive relation
Zs (Rp, §5)
X
ys 5C\b

Wrenches on moving rigid body



Rigid body dynamics

: pb.b (0) EHg (0)
|
b,b v ~ . v
Weot pbP pbP 1 I Ve . | Hb Hjp
J (T 1S | Hp 1) g
T pbb )
advll))’sp <
. R6 6
e [S = gspbs Kinematic relation adv,ﬁ"s'R >R
b — “b"b —
“s b sh Provided in the homework
e pSb= Wik Momentum balance
b,s - _ :
¢ Vb — (zb’b) 1pbb Constitutive relation
- I
Rewritten as A
. Zs (R, $b)
e [S =Y 7D,S 1
b — “b"b
>b,b _ S,b T b,b
¢ P - tot + advb’sp 55
b S
b;S J— b,b _1 b;b A A
* Vb — (Z ) P Vs Xp

Wrenches on moving rigid body



Rigid body dynamics

| PPP(0) ng(O)
|
. v - . v
Wt P T P S W L [ L
f @yt et § ey [
b,bpbs e
J(P"P)V,
b,b\. m6 6
vSs _ 1gs+1yb,s Kinematic relation J(P ) R> =R
i Hb = Hbvb . )
. Provided in the homework
e« pSb= Wtsc;'lc) Momentum balance
b,s — . .
* Vb = (zb’b) 1pbb | constitutive relation
- I
Or rewritten ~
as y 5 Zg (Rp, &)
vS _ pgs1yb.s
. HS = HSV! ///—N
5b,b _ 7S/ b,b\1)b,s R
* PP =W +J (P )Vb X
b;s _ (sgb,b\—1pb,b R .
’ Vb B (1 ) P Vs Xp

Wrenches on moving rigid body
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« Case study: Multi-rotor aerial vehicles




Multi-rotor aerial vehicles

« Multi-rotor aerial vehicles
(MAVS) are the most popular
choice of aerial robotics
platform.

« Usually, they have a simple
mechanical structure and few
moving parts.

 MAVs are usually modeled as a
single rigid body floating In
space.




Multi-rotor aerial vehicles

* MAVs are classified based on
properties of the map between
individual rotor thrusts A; and
the resultant wrench applied on
the MAV’s body which is used
for control.

Tb’b
Weon = ( C,;f;;) = M()2

con

A=A, 1 € RMr is the rotors thrust vector and N,, is
1 Np p

%%;-5-@5 the number of propellers on the MAV.

i3
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