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* Modeling External Wrenches
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Recap: Parent-Child Dynamic Model
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Recap: Parent-Child Dynamic Model + External wrench

« Parent Dynamics
TPPPPO = advp o(TPPVEY) + WPP + WhP

ext

« Child Inverse Dynamics
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Recap: Two-link manipulator

* Newton-Euler Inverse Dynamics Algorithm
« Forward iterations
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Recap: Two-link manipulator

* Newton-Euler Inverse Dynamics Algorithm
« Backward iterations
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Recap: Two-link manipulator

* Reduced Manipulator Dynamics
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* General n-link manipulator dynamics




General n-link manipulator dynamics

* In general, the recursive inverse dynamics algorithm can be
assembled into the following set of matrix equations:

eV =2L(6O)SH
cV=L(O)SO—L(O)ads, AB)V
e W=LTO)IV —LT(B)ad, TV
e =8"W




General n-link manipulator dynamics

* In general, the recursive inverse dynamics algorithm can be
assembled into the following set of matrix equations:
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General n-link manipulator dynamics

* In general, the recursive inverse dynamics algorithm can be
assembled into the following set of matrix equations:

eV =2L(6O)SH
cV=L(O)SO—L(O)ads, AB)V
e W=LTO)IV —LT(B)ad, TV
e =8"W
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General n-link manipulator dynamics

 Solving the above equations together yields finally:

T=M(0)0 +C(6,6)6

M) =S"LT(O)ITLO)S € R™"

€(6,0) =STLT(O) [-TLO)ad; y AG) —ad] g 5,TIL(B) S € R™"
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MATLAB Implementation

° Forward Klnematlcs %% Forward Kinematics

syms thl th2 real

; ; sl,i—1 S 1 0 1 = Adjoint(TransInv(H_© 1 home))*S @ @ 1;

-1 - -1 SH1e; - == - == - ==

° Hi (01) - Hi (O)e t l S 2.1 2 = Adjoint(TransInv(H_1_2 home))*S 1 1 _2;
H© 1 = simplify(H_©_1_ home*Exp_SE3(S_1_ 0 1,thl));
H 12 = simplify(H_1_2 home*Exp_SE3(S_2_1 2,th2));

. . . %% Recursive Inverse Dynamics Algorithm
* Recursive Algorithm: 5 _ bikdiae(S 10 1.5 21 29
: I = blkdiag(I_1,I_2);
« V="L(B)SE reetit 1)
° ’V — L(@) S 8 _ L(e) ad ) 04(8) V A_th [zeros(6,6),zeros(6,6);Adjoint(H_2_1),zeros(6,6)];
. S0 L_th [eye(6),zeros(6,6);Adjoint(H_2_1),eye(6)];
s W= LT(O)IV —LT(B)ad), TV

syms thldt th2dt real

e 7T =8"W ad_S_thdt = blkdiag(adjoint_se3(S_1 @ 1*thldt),adjoint_se3(S_2 1 2*th2dt));
V = L_th*S*[thldt;th2dt];
V_10_1-=V(1:6,:);
V282 =V(7:12,:);

ad V = blkdiag(adjoint se3(V 1 8 1),adjoint_se3(V 2 8 2));




MATLAB Implementation

* Reduced Dynamics:
« T=M(6)6+C(0,6)6

* Input parameters:
* H{7H(0)
. Sii,i—l
, :Zij

%% Reduced Forward Dynamics

M th = S'*L_th' * I * L_th * S;

M_th = simplify(M_th)
C_th = S'"*L_th" * (-I*L_th*ad_S_thdt*A_th - (ad_V)'*I) * L_th
C_th = simplify(C_th)

%% Home configuration and Constant Transformations
syms L1 L2 real

RO 1 = eye(3);

xi ® 1 =[L1;0;0];

H @ 1 home = RpToTrans(R_ © 1,xi @ 1);
R_1 2 = eye(3);
xi_ 1 2 = [L2;0;0];

H_1 2 _home = RpToTrans(R_1_2,xi_1 2);

%% Joint Parameters
S ©00.1=[0;0;1;0;0;0];
S 112 =[0;0;1;0;0;0];

%% Inertial Parameters

syms ml m2

I_1 = [zeros(3,3) zeros(3,3);
zeros(3,3) ml*eye(3)];

I_2 = [zeros(3,3) zeros(3,3);
zeros(3,3) m2*eye(3)];
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Adding External Wrenches

» If we now consider the case that there is an external wrench W,

ext

applied to each link, then the dynamic equations would be:
eV =2L(6O)SH
cV=L(6O)SO—L(O)ads, AB)V
e W=LTO)IV —L7(0)ad, TV — LT(O) W,y

cT=8"W
1,1
Wext
where W,.: = : € (R™)*.
West




Adding External Wrenches

* The reduced dynamics then take the form
° T = M(@)H + C(H, 9)9 — JT(H)Wext
» V=7(0)6

where J(0) = L(0)S € R®™ ™ and the second equation
IS an (extra) output equation.




Geometric Jacobian

* If we examine carefully the mapping (J(6) one can see:

/ Sil’o 0 Xy e 0 \ S%’O 0 - N 0 J%’O
1,0 2,1

AdH 2 (0, )S S5 0 52 0(9) 5221 0 522’0(0)

JO) =| Adyz)S1° Adys /6, S5t S5 0 |7 530(9) 531(9) 532 0 | T 3500
\Adme)S AdH;%e)Sz AdppeyS3” - S,’}'"‘1) 5”0(0) 5"1(9) 5"2(9) o gl Jm0(6)

« Which implies that [J(6) is a collection of n geometric Jacobians, with its i-th block equivalent to
the geometric body* Jacobian of the i-th link.

Reduced J (9)
J'(6)

Dynamics

Wext

* See for reference Lect. 12, slides 31 and 29.
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Adding External Wrenches

* The reduced dynamics can be equivalently then expressed as
c 7= M(0)5 +C(6,6)6 — [I° @OWLE + I @OWEE + -+ Jr° (OIYW
R »Vll,O — (711,0(9)9
- v, =35°(0)6

- VIV =3g7°(0)6

. . Vn,O
7} 0 n
Reduced ‘7(9)
Dynamics JT(H)
T Wil



Adding Gravity

* One can use the above formulation to add gravity:
s T=M(0)F +(6,6)6 — [0 @OWH + 20 (OIWE
R »Vll,O — (711,0(0)0
- v, =35°(0)6

where Wé;.iv = ( € (R®)*.

miR(i)go)




Adding Gravity

A popular form of the reduced dynamics is
T=M(0)0 +C(0,0)0 + g()

where g(0) = — [J}OT(Q)WQ;}, + JZZ'OT(Q)WQ‘Z,] € R" are the torques due to
gravity.




Einstein’s equivalence principle

« An alternative way of modeling gravity is to consider the stationary
frame “free-falling”.

 Einstein’s equivalence principle can be summarized as follows:
* “No local experiment can distinguish a uniform gravitational field from an
accelerating reference frame.”

« Consequently, All physical laws in a freely falling laboratory take the
same form as in an inertial frame with no gravity.

A falling object behaves exactly the same on Earth or
in an equivalent accelerating frame of reference.



Adding Gravity

* By considering the stationary frame free-falling, let Vg denote the
acceleration of the “world” relative to the frame {0}.

* One has elegantly that the gravity torques are computed by

g(@) = STLT(Q) SIL(Q)Vbase

Adyze,)Vg
where Ve = 0 € R6™

0




Adding End-effector wrench

» Let Wi to be the wrench applied to the environment by the end-

effector of a two-link manipulator.
* The dynamics then take the form:

«T1=M(6)0+C(6,0)0 +]d(6)
VU =1.(6)6

where J,(0) = Adye J5°(6)

9 9 — VZZ,O
Reduced Jz' (9)
- Dynamics e 2,0T
T c72 (9) Wz,z
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