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Recap: Parent-Child Dynamic Model

• Relative pose              𝐻𝑐
𝑝

𝜃𝑐 = 𝐻𝑐
𝑝

0 𝑒 ሚ𝑆𝑐
𝑐,𝑝

𝜃𝑐

• Joint Transformation   𝐽𝑐
𝑝

𝜃𝑐 =

0 −Ad𝐻𝑝
𝑐 𝜃𝑐

⊤ 0

Ad𝐻𝑝
𝑐 𝜃𝑐

0 𝑆𝑐
𝑐,𝑝

0 𝑆𝑐
𝑐,𝑝 ⊤

0

𝐽𝑐
𝑝

(𝜃𝑐)
Parent 

Dynamics

{𝑝} 

Child Inv. 

Dynamics

{𝑐} 

𝒲𝑐
𝑝,𝑝 𝒲𝑝

𝑐,𝑐

𝒱𝑐
𝑐,0

𝒱𝑝
𝑝,0

𝜏𝑐 ሶ𝜃𝑐

𝒲𝑐
𝑝,𝑝

 

𝒱𝑐
𝑐,0

 

𝜏𝑐 

= 𝐽𝑐
𝑝

𝜃𝑐

𝒱𝑝
𝑝,0

 

𝒲𝑝
𝑐,𝑐

 

ሶ𝜃𝑐 



Recap: Parent-Child Dynamic Model + External wrench

• Parent Dynamics

 𝔗𝑝,𝑝 ሶ𝒱𝑝
𝑝,0

= ad
𝒱𝑝

𝑝,0
⊤ 𝔗𝑝,𝑝𝒱𝑝

𝑝,0
+ 𝒲𝑐

𝑝,𝑝
+ 𝒲ext

𝑝,𝑝

• Child Inverse Dynamics

𝒲𝑝
𝑐,𝑐 =  𝔗𝑐,𝑐 ሶ𝒱𝑐

𝑐,0 − ad
𝒱𝑐

𝑐,0
⊤ 𝔗𝑐,𝑐𝒱𝑐

𝑐,0 − 𝒲ext
𝑐,𝑐

𝐽𝑐
𝑝

(𝜃𝑐)
Parent 

Dynamics

{𝑝} 

Child Inv. 

Dynamics

{𝑐} 

𝒲𝑐
𝑝,𝑝 𝒲𝑝

𝑐,𝑐

𝒱𝑐
𝑐,0

𝒱𝑝
𝑝,0

𝜏𝑐 ሶ𝜃𝑐

𝒲ext
𝑝,𝑝

𝒱𝑝
𝑝,0

𝒲ext
𝑐,𝑐

𝒱𝑐
𝑐,0



Recap: Two-link manipulator

• Newton-Euler Inverse Dynamics Algorithm
• Forward iterations

• 𝐻𝑖
𝑖−1 𝜃𝑖 = 𝐻𝑖

𝑖−1 0 𝑒 ሚ𝑆𝑖
𝑖,𝑖−1𝜃𝑖

• 𝒱𝑖
𝑖,0 =  Ad

𝐻𝑖−1
𝑖 𝜃𝑖

𝒱𝑖−1
𝑖−1,0 + 𝑆𝑖

𝑖,𝑖−1 ሶ𝜃𝑖

• ሶ𝒱𝑖
𝑖,0 = Ad

𝐻𝑖−1
𝑖 𝜃𝑖

𝒱𝑖−1
𝑖−1,0 − ad

𝑆𝑖
𝑖,𝑖−1 ሶ𝜃𝑖

Ad
𝐻𝑖−1

𝑖 𝜃𝑖
𝒱𝑖−1

𝑖−1,0 + 𝑆𝑖
𝑖,𝑖−1 ሷ𝜃𝑖

𝐽1
0(𝜃1)

Child Inv. 

Dynamics

{1} 

𝒲1
0,0 𝒲0

1,1

𝒱1
1,00 = 𝒱0

𝜏1 ሶ𝜃1

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

𝐽2
1(𝜃2)

Child Inv. 

Dynamics

{2} 

𝒲2
1,1 𝒲1

2,2

𝒱2
2,0𝒱1

1,0

𝜏2 ሶ𝜃2



Recap: Two-link manipulator

• Newton-Euler Inverse Dynamics Algorithm
• Backward iterations

• 𝒲𝑖−1
𝑖,𝑖 = 𝔗𝑖,𝑖 ሶ𝒱𝑖

𝑖,0 − ad
𝒱𝑖

𝑖,0
⊤ 𝔗𝑖,𝑖𝒱𝑖

𝑖,0 + Ad
𝐻𝑖

𝑖+1 𝜃𝑖+1 
⊤ 𝒲𝑖

𝑖+1,𝑖+1

• 𝜏𝑖 = 𝑆𝑖
𝑖,𝑖−1 ⊤

𝒲𝑖−1
𝑖,𝑖

𝐽1
0(𝜃1)

Child Inv. 

Dynamics

{1} 

𝒲1
0,0 𝒲0

1,1

𝒱1
1,00 = 𝒱0

𝜏1 ሶ𝜃1

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

𝐽2
1(𝜃2)

Child Inv. 

Dynamics

{2} 

𝒲2
1,1 𝒲1

2,2

𝒱2
2,0𝒱1

1,0

𝜏2 ሶ𝜃2



Recap: Two-link manipulator

• Reduced Manipulator Dynamics

𝐽1
0(𝜃1)

Child Inv. 

Dynamics

{1} 

𝒲1
0,0 𝒲0

1,1

𝒱1
1,00 = 𝒱0

𝜏1 ሶ𝜃1

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

𝐽2
1(𝜃2)

Child Inv. 

Dynamics

{2} 

𝒲2
1,1 𝒲1

2,2

𝒱2
2,0𝒱1

1,0

𝜏2 ሶ𝜃2

𝜏1

𝜏2
= 𝑀 𝜃

ሷ𝜃1

ሷ𝜃2

+ 𝐶(𝜃, ሶ𝜃)
ሶ𝜃1

ሶ𝜃2
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General 𝑛-link manipulator dynamics

• In general, the recursive inverse dynamics algorithm can be 
assembled into the following set of matrix equations:

• 𝒱 = ℒ 𝜃  𝒮 ሶ𝜃

• ሶ𝒱 =  ℒ 𝜃  𝒮 ሷ𝜃 − ℒ 𝜃  ad𝒮 ሶ𝜃 𝒜 𝜃  𝒱

• 𝒲 =  ℒ⊤ 𝜃  𝔗 ሶ𝒱  − ℒ⊤ 𝜃  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲

𝒱 =
𝒱1

1,0

⋮

𝒱𝑛
𝑛,0

∈ ℝ6𝑛,  ሶ𝒱 =

ሶ𝒱1
1,0

⋮
ሶ𝒱𝑛
𝑛,0

∈ ℝ6𝑛, 𝒲 =
𝒲0

1,1

⋮
𝒲𝑛−1

𝑛,𝑛
∈ ℝ6𝑛 ∗ 

ሶ𝜃 =

ሶ𝜃1

⋮
ሶ𝜃𝑛

∈ ℝ𝑛,  ሷ𝜃 =

ሷ𝜃1

⋮
ሷ𝜃𝑛

∈ ℝ𝑛,  𝜏 =

𝜏1

⋮
𝜏𝑛

∈ ℝ𝑛 ∗



General 𝑛-link manipulator dynamics

• In general, the recursive inverse dynamics algorithm can be 
assembled into the following set of matrix equations:

• 𝒱 = ℒ 𝜃  𝒮 ሶ𝜃

• ሶ𝒱 =  ℒ 𝜃  𝒮 ሷ𝜃 − ℒ 𝜃  ad𝒮 ሶ𝜃 𝒜 𝜃  𝒱

• 𝒲 =  ℒ⊤ 𝜃  𝔗 ሶ𝒱  − ℒ⊤ 𝜃  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲

𝒮 =
𝑆1

1,0 … 0
⋮ ⋱ ⋮

0 … 𝑆𝑛
𝑛,𝑛−1

∈ ℝ6𝑛×𝑛,  𝔗 =
𝔗1,1 … 0

⋮ ⋱ ⋮
0 … 𝔗𝑛,𝑛

∈ ℝ6𝑛×6𝑛

ad𝒮 ሶ𝜃 =

ad𝑆1
1,0 ሶ𝜃1

… 0

⋮ ⋱ ⋮
0 … ad𝑆𝑛

𝑛,𝑛−1 ሶ𝜃𝑛

∈ ℝ6𝑛×6𝑛, ad𝒱 =

ad𝒱1
1,0 … 0

⋮ ⋱ ⋮
0 … ad𝒱𝑛

𝑛,0

∈ ℝ6𝑛×6𝑛



General 𝑛-link manipulator dynamics

• In general, the recursive inverse dynamics algorithm can be 
assembled into the following set of matrix equations:

• 𝒱 = ℒ 𝜃  𝒮 ሶ𝜃

• ሶ𝒱 =  ℒ 𝜃  𝒮 ሷ𝜃 − ℒ 𝜃  ad𝒮 ሶ𝜃 𝒜 𝜃  𝒱

• 𝒲 =  ℒ⊤ 𝜃  𝔗 ሶ𝒱  − ℒ⊤ 𝜃  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲

𝒜 𝜃 =

0 0 ⋯ 0 0
Ad𝐻1

2 𝜃2
0 ⋯ 0 0

0 Ad𝐻2
3 𝜃3

⋯ 0 0

⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ Ad𝐻𝑛−1

𝑛 𝜃𝑛
0

∈ ℝ6𝑛×6𝑛, ℒ 𝜃 =

𝐼 0 ⋯ ⋯ 0
Ad𝐻1

2 𝜃2
𝐼 ⋯ ⋯ 0

Ad𝐻1
3 𝜃 Ad𝐻2

3 𝜃3
𝐼 ⋯ 0

⋮ ⋮ ⋱ ⋱ ⋮
Ad𝐻1

𝑛 𝜃 Ad𝐻2
𝑛 𝜃 Ad𝐻3

𝑛 𝜃 ⋯ 𝐼

∈ ℝ6𝑛×6𝑛

Recall ℒ 𝜃 ≔ 𝐼 − 𝒜 𝜃 −1



General 𝑛-link manipulator dynamics

• Solving the above equations together yields finally:

𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶(𝜃, ሶ𝜃) ሶ𝜃

𝑀 𝜃 ≔ 𝒮⊤ℒ⊤ 𝜃  𝔗 ℒ 𝜃  𝒮 ∈ ℝ𝑛×𝑛

𝐶 𝜃, ሶ𝜃 ≔ 𝒮⊤ℒ⊤ 𝜃  [−𝔗ℒ 𝜃 ad𝒮 ሶ𝜃 𝒜 𝜃  − ad
ℒ 𝜃  𝒮 ሶ𝜃
⊤ 𝔗] ℒ 𝜃  𝒮 ∈ ℝ𝑛×𝑛

𝜏

ሶ𝜃

𝑀−1 𝜃 (𝜏 − 𝐶 𝜃, ሶ𝜃 ሶ𝜃)

ሷ𝜃

∫

𝜃

∫
ሶ𝜃

Reduced Dynamics



MATLAB Implementation

• Forward Kinematics:

• 𝐻𝑖
𝑖−1 𝜃𝑖 = 𝐻𝑖

𝑖−1 0 𝑒 ሚ𝑆𝑖
𝑖,𝑖−1𝜃𝑖

• Recursive Algorithm:
• 𝒱 = ℒ 𝜃  𝒮 ሶ𝜃

• ሶ𝒱 =  ℒ 𝜃  𝒮 ሷ𝜃 − ℒ 𝜃  ad𝒮 ሶ𝜃 𝒜 𝜃  𝒱

• 𝒲 =  ℒ⊤ 𝜃  𝔗 ሶ𝒱  − ℒ⊤ 𝜃  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲



MATLAB Implementation

• Reduced Dynamics:
• 𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶(𝜃, ሶ𝜃) ሶ𝜃

• Input parameters:
• 𝐻𝑖

𝑖−1 0

• 𝑆𝑖
𝑖,𝑖−1

• 𝔗𝑖,𝑖
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Adding External Wrenches

• If we now consider the case that there is an external wrench 𝒲ext
𝑖,𝑖

 
applied to each link, then the dynamic equations would be:

• 𝒱 = ℒ 𝜃  𝒮 ሶ𝜃

• ሶ𝒱 =  ℒ 𝜃  𝒮 ሷ𝜃 − ℒ 𝜃  ad𝒮 ሶ𝜃 𝒜 𝜃  𝒱

• 𝒲 =  ℒ⊤ 𝜃  𝔗 ሶ𝒱  − ℒ⊤ 𝜃  ad𝒱
⊤ 𝔗 𝒱 − ℒ⊤ 𝜃 𝒲ext

• 𝜏 = 𝒮⊤𝒲

where 𝒲ext: =
𝒲ext

1,1

⋮
𝒲ext

𝑛,𝑛
∈ ℝ6𝑛 ∗.

{0}

{1}

{2}

𝒲ext
1,1

 
𝒲ext

2,2
 

Note that 𝒲ext
𝑖,𝑖

 should be expressed in the CoM frame of link 𝑖 !



Adding External Wrenches

• The reduced dynamics then take the form

• 𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 − 𝒥⊤ 𝜃 𝒲ext

•  𝒱 = 𝒥 𝜃  ሶ𝜃

where 𝒥 𝜃 ≔ ℒ 𝜃 𝒮 ∈ ℝ6𝑛×𝑛 and the second equation

is an (extra) output equation. {0}

{1}

{2}

𝒲ext
1,1

 
𝒲ext

2,2
 



Geometric Jacobian

• If we examine carefully the mapping 𝒥 𝜃  one can see:

𝒥 𝜃 =

𝑆1
1,0 0 ⋯ ⋯ 0

Ad𝐻1
2 𝜃2

𝑆1
1,0 𝑆2

2,1 ⋯ ⋯ 0

Ad𝐻1
3 𝜃 𝑆1

1,0 Ad𝐻2
3 𝜃3

𝑆2
2,1 𝑆3

3,2 ⋯ 0

⋮ ⋮ ⋱ ⋱ ⋮

Ad𝐻1
𝑛 𝜃 𝑆1

1,0 Ad𝐻2
𝑛 𝜃 𝑆2

2,1 Ad𝐻3
𝑛 𝜃 𝑆3

3,2 ⋯ 𝑆𝑛
𝑛,𝑛−1

=

𝑆1
1,0 0 ⋯ ⋯ 0

𝑆1
2,0(𝜃) 𝑆2

2,1 ⋯ ⋯ 0

𝑆1
3,0(𝜃) 𝑆2

3,1(𝜃) 𝑆3
3,2 ⋯ 0

⋮ ⋮ ⋱ ⋱ ⋮

𝑆1
𝑛,0(𝜃) 𝑆2

𝑛,1(𝜃) 𝑆3
𝑛,2(𝜃) ⋯ 𝑆𝑛

𝑛,𝑛−1

=

𝒥1
1,0

𝒥2
2,0 𝜃

𝒥3
3,0 𝜃

⋮

𝒥𝑛
𝑛,0 𝜃

• Which implies that 𝒥 𝜃  is a collection of 𝑛 geometric Jacobians, with its 𝑖-th block equivalent to 
the geometric body* Jacobian of the 𝑖-th link.

Reduced 

Dynamics

𝜏 𝒲ext

ሶ𝜃

𝒥⊤ 𝜃

𝒥 𝜃
ሶ𝜃 𝒱

* See for reference Lect. 12, slides 31 and 29.



Adding External Wrenches

• The reduced dynamics can be equivalently then expressed as

• 𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 − 𝒥1
1,0⊤

𝜃 𝒲ext
1,1 + 𝒥2

2,0⊤
𝜃 𝒲ext

2,2 + ⋯ + 𝒥𝑛
𝑛,0⊤

𝜃 𝒲ext
𝑛,𝑛

•  𝒱1
1,0 = 𝒥1

1,0 𝜃 ሶ𝜃

•  𝒱2
2,0 = 𝒥2

2,0 𝜃 ሶ𝜃

          ⋮ 

•  𝒱𝑛
𝑛,0 = 𝒥𝑛

𝑛,0 𝜃 ሶ𝜃

Reduced 

Dynamics

𝜏

𝒲ext =
𝒲ext

1,1

⋮
𝒲ext

𝑛,𝑛

ሶ𝜃

𝒥⊤ 𝜃

𝒥 𝜃
ሶ𝜃

𝒱 =
𝒱1

1,0

⋮

𝒱𝑛
𝑛,0



Adding Gravity

• One can use the above formulation to add gravity:

• 𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 − 𝒥1
1,0⊤

𝜃 𝒲grv
1,1 + 𝒥2

2,0⊤
𝜃 𝒲grv

2,2

•  𝒱1
1,0 = 𝒥1

1,0 𝜃 ሶ𝜃

•  𝒱2
2,0 = 𝒥2

2,0 𝜃 ሶ𝜃

where 𝒲grv
𝑖,𝑖 =

0
𝑚𝑖𝑅0

𝑖 𝑔0 ∈ ℝ6 ∗.

{0}

{1}

{2}

𝑚1𝑔

𝑚2𝑔



Adding Gravity

• A popular form of the reduced dynamics is

𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝑔 𝜃  

where 𝑔 𝜃 ≔ − 𝒥1
1,0⊤

𝜃 𝒲grv
1,1 + 𝒥2

2,0⊤
𝜃 𝒲grv

2,2 ∈ ℝ𝑛 are the torques due to 

gravity.

{0}

{1}

{2}

𝑚1𝑔

𝑚2𝑔



Einstein’s equivalence principle

• An alternative way of modeling gravity is to consider the stationary 
frame “free-falling”.

• Einstein’s equivalence principle can be summarized as follows:
• “No local experiment can distinguish a uniform gravitational field from an 

accelerating reference frame.”

• Consequently, All physical laws in a freely falling laboratory take the 
same form as in an inertial frame with no gravity.

A falling object behaves exactly the same on Earth or 

in an equivalent accelerating frame of reference.



Adding Gravity

• By considering the stationary frame free-falling, let ሶ𝒱𝑔 denote the 
acceleration of the “world” relative to the frame {0}.

• One has elegantly that the gravity torques are computed by

𝑔 𝜃 ≔ 𝒮⊤ℒ⊤ 𝜃  𝔗ℒ 𝜃 ሶ𝒱base {0}

{1}

{2}

ሶ𝒱𝑔
0 =

0
−𝑔0  

where ሶ𝒱base ≔

Ad𝐻0
1 𝜃1

ሶ𝒱𝑔
0

0
⋮
0

∈ ℝ6𝑛



Adding End-effector wrench

• Let 𝒲tip
𝑒,𝑒

 to be the wrench applied to the environment by the end-

effector of a two-link manipulator. 

• The dynamics then take the form:

• 𝜏 = 𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝐽e
⊤ 𝜃 𝒲tip

𝑒,𝑒

•  𝒱𝑒
𝑒,0 = 𝐽𝑒 𝜃 ሶ𝜃

where 𝐽𝑒 𝜃 ≔ 𝐴𝑑𝐻2
𝑒  𝒥2

2,0 𝜃

{0}

{1}

{2}

{𝑒}
𝒲tip

𝑒,𝑒
 

Reduced 

Dynamics

𝜏 𝒲tip
𝑒,𝑒

ሶ𝜃

𝒥2
2,0⊤

𝜃

𝒥2
2,0 𝜃

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲tip
2,2
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