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Recap: Satellite

• The governing equations of a satellite with control torques 𝜏 are:

• ሶ𝑅 = 𝑅 ෥𝜔

• ሶ𝜔 = 𝐽−1 −𝜔 ∧ 𝐽𝜔 + 𝜏

Ƹ𝑒1

Ƹ𝑒2

Ƹ𝑒3

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠𝜔



Recap: Satellite

• The governing equations of a satellite with control torques 𝜏 are:

• ሶ𝑅 = 𝑅 ෥𝜔 

• ሶ𝜔 = 𝐽−1 −𝜔 ∧ 𝐽𝜔 + 𝜏 

• We can cast it into state space form

• 𝑥 = 𝑅, 𝑝 = 𝑅, 𝐽𝜔 ∈ 𝑆𝑂 3 × ℝ3

•
ሶ𝑅
ሶ𝑝

=
𝛽𝑅(𝜔)

෤𝑝 𝜔
+

0
𝐼3

𝜏 ⇒ ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝜏

with

• 𝜔 = 𝐽−1𝑝

• 𝛽𝑅: ℝ3 → 𝑇𝑅𝑆𝑂 3 ,  𝜔 ↦ 𝛽𝑅 𝜔 ≔ 𝑅 ෥𝜔

Ƹ𝑒1

Ƹ𝑒2

Ƹ𝑒3

ො𝑥𝑠

ො𝑦𝑠
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Recap: PD Control of Satellite

• We aim to design a Geometric PD controller 

𝜏 = 𝜏𝑝 + 𝜏𝑑

such that 𝑥𝑑 = 𝑅𝑑 , 0  is an asymptotically stable equilibrium point of 

the closed loop system

ሶ𝑅
ሶ𝑝

=
𝛽𝑅(𝜔)

෤𝑝 𝜔 + 𝜏𝑝 + 𝜏𝑑
.



Recap: PD Control of Satellite

• We aim to design a Geometric PD controller 

𝜏 = 𝜏𝑝 + 𝜏𝑑

such that 𝑥𝑑 = 𝑅𝑑 , 0  is an asymptotically stable equilibrium point of 

the closed loop system

ሶ𝑅
ሶ𝑝

=
𝛽𝑅(𝜔)

෤𝑝 𝜔 + 𝜏𝑝 + 𝜏𝑑
.

• The controller we seek is geometric in the sense that it respects the 

underlying non-Euclidean structure of 𝑆𝑂 3 .

• 𝜏𝑝 will be derived from the gradient of some positive definite potential 

function Ψ 𝑅  on 𝑆𝑂(3) with a minimum at 𝑅 = 𝑅𝑑 .

• 𝜏𝑑 will be designed to inject damping.



Recap: Geometric structure of SO(3)

• The geometric nature of SO(3) will be reflected in
1. How to compute the error between 𝑅, 𝑅𝑑 ∈ 𝑆𝑂(3) ?

2. How to design Ψ 𝑅  to be positive definite ?

3. How to compute 𝑑Ψ 𝑅 ∈ 𝑇𝑅
∗𝑆𝑂(3) ?

4. How to convert 𝑑Ψ 𝑅  to the proportional torque 𝜏𝑝 ∈ ℝ3 ?

5. How to design the derivative torque 𝜏𝑑 ∈ ℝ3 ?

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼
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PD Control on 𝑆𝑂(3)

1. How to compute the error between 𝑅, 𝑅𝑑 ∈ 𝑆𝑂(3) ?
• 𝑅𝑒  ≔ 𝑅𝑑

⊤𝑅 ∈ 𝑆𝑂 3

• 𝑅𝑒 → 𝐼 as 𝑅 → 𝑅𝑑

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼



PD Control on 𝑆𝑂(3)

2. How to design Ψ 𝑅  to be positive definite ?
• One choice for Ψ: SO 3 → ℝ is

Ψ 𝑅 ≔
1

2
 tr(𝐼 − 𝑅𝑑

⊤𝑅)

• Ψ 𝑅𝑑 = 0

• We can show that it can be written as Ψ 𝑅 = 1 − cos 𝜃, for some 𝜃 ∈
−𝜋, 𝜋 . Therefore,

0 ≤ Ψ 𝑅 ≤ 2

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼



PD Control on 𝑆𝑂(3)

3. How to compute 𝑑Ψ 𝑅 ∈ 𝑇𝑅
∗𝑆𝑂(3) ?

• The differential of Ψ: SO 3 → ℝ is defined as the unique covector 𝑑Ψ 𝑅 ∈
𝑇𝑅

∗𝑆𝑂(3) that satisfies 

𝑑Ψ 𝑅 | 𝛿𝑅 𝑇𝑅𝑆𝑂(3) = ቚ
𝑑

𝑑𝜖 𝜖=0
Ψ R𝜖 ,  ∀𝛿𝑅 ∈ 𝑇𝑅𝑆𝑂(3)   

where R𝜖 is a curve on 𝑆𝑂 3  that satisfies

|R𝜖 𝜖=0 = 𝑅,  ቚ
𝑑

𝑑𝜖 𝜖=0
 R𝜖 = 𝛿𝑅

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼

The pairing between any covector in 

𝑇𝑅
∗𝑆𝑂 3  and vector 𝑇𝑅𝑆𝑂 3  is:

Γ| 𝛿𝑅 𝑇𝑅𝑆𝑂 3  ≔ tr (Γ𝛿𝑅)



PD Control on 𝑆𝑂(3)

3. How to compute 𝑑Ψ 𝑅 ∈ 𝑇𝑅
∗𝑆𝑂(3) ?

• Ψ R𝜖 =
1

2
 tr (𝐼 − 𝑅𝑑

⊤R𝜖)

• ቚ
𝑑

𝑑𝜖 𝜖=0
Ψ R𝜖 = −

1

2
 tr 𝑅𝑑

⊤ ቚ
𝑑

𝑑𝜖 𝜖=0
R𝜖 = −

1

2
 tr 𝑅𝑑

⊤𝛿𝑅

• 𝑑Ψ 𝑅 | 𝛿𝑅 𝑇𝑅𝑆𝑂(3) = tr (𝑑Ψ 𝑅 𝛿𝑅)

• By comparing both sides, we have that

𝑑Ψ 𝑅 = −
1

2
𝑅𝑑

⊤

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼



PD Control on 𝑆𝑂(3)

4. How to convert 𝑑Ψ 𝑅  to the proportional torque 𝜏𝑝 ∈ ℝ3 ?

• We use the duality of linear maps !

• Recall the definition of the dual of a linear map:

• Let 𝐴: 𝑈 → 𝑉 be a linear map between the vector spaces 𝑈 and 𝑉. Then its dual 

map 𝐴∗: 𝑉∗  → 𝑈∗ is defined (implicitly) by:

𝐴∗(𝛼)|𝑢 𝑈 = 𝛼|𝐴(𝑢) 𝑉,  ∀𝑢 ∈ 𝑈, 𝛼 ∈ 𝑉∗

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼



PD Control on 𝑆𝑂(3)

4. How to convert 𝑑Ψ 𝑅  to the proportional torque 𝜏𝑝 ∈ ℝ3 ?

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼

ℝ3 
 𝑆 

𝑠𝑜 3  
 𝐿𝑅,∗ 

𝑇𝑅𝑆𝑂(3)

ℝ3 ∗
 𝑆 

𝑠𝑜∗ 3
 𝐿𝑅

∗  
𝑇𝑅

∗𝑆𝑂(3)

𝛽𝑅 

𝛽𝑅
∗  



PD Control on 𝑆𝑂(3)

4. How to convert 𝑑Ψ 𝑅  to the proportional torque 𝜏𝑝 ∈ ℝ3 ?

• 𝑑Ψ 𝑅 = −
1

2
𝑅𝑑

⊤ ∈ 𝑇𝑅
∗𝑆𝑂(3)

• ǁ𝑒𝑅 ≔ 𝐿𝑅
∗ 𝑑Ψ 𝑅 =  sk 𝑅𝑑

⊤𝑅 =
1

2
(𝑅𝑑

⊤𝑅 − 𝑅⊤𝑅𝑑)  ∈ 𝑠𝑜∗(3)

• 𝑒𝑅 ≔ 𝛽𝑅
∗ 𝑑Ψ 𝑅 = S−1 ǁ𝑒𝑅 =

1

2
𝑆−1 𝑅𝑑

⊤𝑅 − 𝑅⊤𝑅𝑑 ∈ ℝ3 ∗

• The proportional torque is then designed as

𝜏𝑝 ≔ −𝐾𝑝𝑒𝑅

෥𝜔

𝑠𝑜 3 ≔ 𝑇𝐼𝑆𝑂(3) 

𝐼



PD Control on 𝑆𝑂(3)

5. How to design the derivative torque 𝜏𝑑 ∈ ℝ3 ?

• Let’s conduct a Lyapunov analysis for the closed loop system

ሶ𝑅
ሶ𝑝

=
𝛽𝑅(𝜔)

෤𝑝 𝜔 + 𝜏𝑝 + 𝜏𝑑
=

𝛽𝑅(𝜔)

෤𝑝 𝜔 − 𝐾𝑝 𝛽𝑅
∗ 𝑑Ψ 𝑅 + 𝜏𝑑

 



PD Control on 𝑆𝑂(3)

5. How to design the derivative torque 𝜏𝑑 ∈ ℝ3 ?

• Let’s conduct a Lyapunov analysis for the closed loop system

ሶ𝑅
ሶ𝑝

=
𝛽𝑅(𝜔)

෤𝑝 𝜔 + 𝜏𝑝 + 𝜏𝑑
=

𝛽𝑅(𝜔)

෤𝑝 𝜔 − 𝐾𝑝 𝛽𝑅
∗ 𝑑Ψ 𝑅 + 𝜏𝑑

 

• Lyapunov function:

𝑉 𝑅, 𝑝 = 𝐻 𝑝 + Ψ 𝑅

where

𝐻 𝑝 ≔
1

2
 𝑝⊤𝐽−1𝑝, and          Ψ 𝑅 ≔

1

2
 tr(𝐼 − 𝑅𝑑

⊤𝑅)

with 

             𝑑𝐻 𝑝 = 𝐽−1𝑝 ⊤ = 𝜔⊤, and         𝑑Ψ 𝑅 = −
1

2
𝑅𝑑

⊤



Stability Analysis

Compute the time derivative of V

• 𝑉 𝑅, 𝑝 = 𝐻 𝑝 + Ψ 𝑅

• ሶ𝑉 𝑅, 𝑝 = ሶ𝐻 𝑝 + ሶΨ 𝑅 = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑑Ψ 𝑅 | ሶ𝑅
𝑇𝑅𝑆𝑂(3)



Stability Analysis

Compute the time derivative of V

• 𝑉 𝑅, 𝑝 = 𝐻 𝑝 + Ψ 𝑅

• ሶ𝑉 𝑅, 𝑝 = ሶ𝐻 𝑝 + ሶΨ 𝑅 = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑑Ψ 𝑅 | ሶ𝑅
𝑇𝑅𝑆𝑂(3)

                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑑Ψ 𝑅 |𝛽𝑅(𝜔) 𝑇𝑅𝑆𝑂(3)



Stability Analysis

Compute the time derivative of V

• 𝑉 𝑅, 𝑝 = 𝐻 𝑝 + Ψ 𝑅
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∗ 𝑑Ψ 𝑅 |𝜔

ℝ3

                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑒𝑅|𝜔 ℝ3

𝑒𝑅 ≔ 𝛽𝑅
∗ 𝑑Ψ 𝑅



Stability Analysis

Compute the time derivative of V

• 𝑉 𝑅, 𝑝 = 𝐻 𝑝 + Ψ 𝑅
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                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝛽𝑅
∗ 𝑑Ψ 𝑅 |𝜔

ℝ3

                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑒𝑅|𝜔 ℝ3
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𝑒𝑅 ≔ 𝛽𝑅
∗ 𝑑Ψ 𝑅

𝜏𝑝 = −𝐾𝑝 𝑒𝑅



Stability Analysis

Consider the modified Lyapunov function:

• 𝑉 𝑅, 𝑝 = 𝐻 𝑝 + ഥΨ 𝑅

• ሶ𝑉 𝑅, 𝑝 = ሶ𝐻 𝑝 + ሶഥΨ 𝑅 = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑑 ഥΨ 𝑅 | ሶ𝑅
𝑇𝑅𝑆𝑂(3)

                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝑑 ഥΨ 𝑅 |𝛽𝑅(𝜔) 𝑇𝑅𝑆𝑂(3)

                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝛽𝑅
∗ 𝑑 ഥΨ 𝑅 |𝜔

ℝ3

                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝐾𝑝𝑒𝑅|𝜔
ℝ3

                                        = 𝜔⊤ ෤𝑝 𝜔 − 𝐾𝑝𝑒𝑅 + 𝜏𝑑 + 𝜔⊤𝐾𝑝𝑒𝑅

                                        = 𝜔⊤ ෤𝑝 𝜔 − 𝜔⊤ 𝐾𝑝 − 𝐾𝑝 𝑒𝑅 + 𝜔⊤𝜏𝑑  
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∗ 𝑑 ഥΨ 𝑅
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Stability Analysis

Consider the modified Lyapunov function:

• 𝑉 𝑅, 𝑝 = 𝐻 𝑝 + ഥΨ 𝑅
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                                        = 𝑑𝐻 𝑝 ሶ𝑝 ℝ3 + 𝐾𝑝𝑒𝑅|𝜔
ℝ3
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=0

− 𝜔⊤ 𝐾𝑝 − 𝐾𝑝 𝑒𝑅

=0

+ 𝜔⊤𝜏𝑑  

                                        = 𝜔⊤𝜏𝑑 = −𝜔⊤𝐾𝑑𝜔 ≤ 0

Choose 𝜏𝑑 = −𝐾𝑑𝜔 with  𝐾𝑑 ≻ 0



La Salle’s Invariance Principle

• Let Ω = 𝒳 =  𝑆𝑂 3 × ℝ3

• ℛ ≔ 𝑅, 𝑝 ∈ Ω ሶ𝑉 𝑅, 𝑝 } 
• ሶ𝑉 𝑅, 𝑝 = 𝜔⊤𝐾𝑑𝜔 ⟹ 𝜔 = 𝑝 = 0 



La Salle’s Invariance Principle

• Let Ω = 𝒳 =  𝑆𝑂 3 × ℝ3

• ℛ ≔ 𝑅, 𝑝 ∈ Ω ሶ𝑉 𝑅, 𝑝 } 
• ሶ𝑉 𝑅, 𝑝 = 𝜔⊤𝐾𝑑𝜔 ⟹ 𝜔 = 𝑝 = 0 

• ℳ ≔ 𝑅, 𝑝 ∈ ℛ ሶ𝑝 = 0}
• ሶ𝑝  =  ෤𝑝 𝜔 − 𝐾𝑝 𝛽𝑅

∗ 𝑑Ψ 𝑅 − 𝐾𝑑𝜔 ⟹ 𝛽𝑅
∗ 𝑑Ψ 𝑅 = 0

                                                              ⟹ 𝐿𝑅
∗ 𝑑Ψ 𝑅 =  sk 𝑅𝑑

⊤𝑅 = 0 

                                                              ⟹ 𝑅𝑒  − 𝑅𝑒
⊤ = 0     ⟹ 𝑅𝑒 = 𝑅𝑒

⊤
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