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* Recap last lectures
« PD Control of a Satellite on SO(3)...
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Recap: Satellite

* The governing equations of a satellite with control torques t are:
*R=R®
cw=]"(-wAJw+71)




Recap: Satellite

* The governing equations of a satellite with control torques t are:
*R=R®
cw=]"1-wAN]ow+T1)

* We can cast it into state space form
*x=(R,p) = (R,Jw) € SO(3) X R3

.(§>=(ﬁg(3))+(g)r >x=fx)+gr
with
cw=]""p

o Br:R3 > TRS0(3), w - Be(w) = R &




Recap: PD Control of Satellite

* We aim to design a Geometric PD controller
T=T,+t1Tq

such that x; = (R4, 0) is an asymptotically stable equilibrium point of
the closed loop system

(R)_( Br(w) )
p] \Pw+t,+714)°




Recap: PD Control of Satellite

* We aim to design a Geometric PD controller
T=T,+t1Tq

such that x; = (R4, 0) is an asymptotically stable equilibrium point of
the closed loop system

(R)_( Br(w) )
p] \Pw+t,+714)°

* The controller we seek is geometric in the sense that it respects the

underlying non-Euclidean structure of SO(3).
* 7, will be derived from the gradient of some positive definite potential
function W(R) on SO(3) with a minimum at R = R;.
* 74 Will be designed to inject damping.




Recap: Geometric structure of SO(3)

* The geometric nature of SO(3) will be reflected In
1. How to compute the error between R,R; € SO(3) ?
How to design W(R) to be positive definite ?
How to compute d¥(R) € TRS0(3) ?
How to convert d¥(R) to the proportional torque 7, € R* ?
How to design the derivative torque 74 € R3 ?

bk w

S0(3)

o & Yr(t)

s0(3) =T;S0(3)
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« PD Control of a Satellite on SO(3)...




PD Control on SO (3)

1. How to compute the error between R,R; € SO(3) ?
R, =RJR € SO(3)
* R, >1asR - R,

o & Yr(t)

so(3) 7:= T;S0(3)

S0G)



PD Control on SO (3)

2. How to design W(R) to be positive definite ?
* One choice for ¥:SO(3) - R is .
qu)==§tra+-R§R)

i LIJ(Rd) =0
« We can show that it can be written as W(R) = 1 — cos @, for some 0 €

(—m, w]. Therefore,
0<W¥YR) <2

o & Yr(t)

s0(3) =T;S0(3)

S0G)



PD Control on SO (3)

3. How to compute d¥(R) € TzS0(3) ?
* The differential of W:SO(3) — R is defined as the unique covector d¥(R) €

TRSO(3) that satisfies
d
(dY(R)| 6R)rpso@) = | W(Re), VOR € TrS0(3)
€e=0
where R, is a curve on SO(3) that satisfies

d
R .lc.—=0 = R —
ElE—O ) de

R, = 6R

€=0

The pairing between any covector in — p
TzSO(3) and vector TzSO(3) is: -y Y
(I 5R>TRSO(3) = tr (I'6R) so(é)iz=ﬂT,50(3)




PD Control on SO (3)

3.

How to compute d¥W(R) € TRSO(3) ?
* W(R,) == tr (I - RJR,)

o & __1 T4 __1
4 wro=-; (Rd - EZORE) 2

* (dY(R)| 6R)rpso(z) = tr (A¥(R)JR)

« By comparing both sides, we have that

1 T
d¥(R) = —5Rj

tr (RJSOR)

@

Yr(t)

50(37’)7:=77 f,SO(3)



PD Control on SO (3)

4. How to convert d¥(R) to the proportional torque 7, € R® ?

* We use the duality of linear maps !
» Recall the definition of the dual of a linear map:

* Let A: U — V be a linear map between the vector spaces U and V. Then its dual
map A*:V* — U" is defined (implicitly) by:
(A" () |u)y = (a|A(w))y, VueU,a€eV”

TrSO(3)

Y -

s0(3) =T;S0(3)

S0G)



PD Control on SO (3)

4. How to convert d¥(R) to the proportional torque 7, € R® ?

ﬂ\

S LR+
R3 — so0(3) > TeSO(3)

S L
(R3)* < s0*(3)¢ T3S0(3) Py

S Yr(t)

50(37’)7:=77 f,SO(3)



PD Control on SO (3)

4. How to convert d¥(R) to the proportional torque 7, € R3 ?
+ dY(R) = —ZR] € T3SO(3)
+ &g = Lx(d¥(R)) = sk(RJR) == (RJR —RTRy) € s0*(3)
e eg = Bi(d¥P(R)) = S™1(&g) = %S‘l(R;R — RTR,) € (R3)*

* The proportional torque is then designed as
Ty = —Kpep

o & Yr(t)

s0(3) =T;S0(3)

S0G)



PD Control on SO (3)

5. How to design the derivative torque 75 € R3 ?
 Let’s conduct a Lyapunov analysis for the closed loop system

(R)_( Br(w) )_( Br(w) >
p) \Pw+tp+ta) \Pw-—K,Br(dPR)) + 14




PD Control on SO (3)

5. How to design the derivative torque 75 € R3 ?
 Let’s conduct a Lyapunov analysis for the closed loop system

(-0 )i
p) \Pw+tp+ta) \Pw-—K,Br(dPR)) + 14
 Lyapunov function:
V(R,p) = H(p) + Y(R)

where

H(p) = % p']'p, and Y(R) = § tr(I — RzR)
with

dH(p) = J"p)T = w', and d¥(R) = —-Rj




Stablility Analysis

Compute the time derivative of V
* V(R,p) = H(p) + ¥(R)

+ V(R,p) = H(p) + ¥(R) = (dH®)Ip)gs + (PRI R), o,




Stablility Analysis

Compute the time derivative of V
* V(R,p) = H(p) + ¥(R)
* V(R,p) = H(p) + ¥(R) = (dH®)[p)gz + (d¥(R)I R),. o

= (dH(p)|p)gs + (dY(R)|Br(w))1rs0(3)




Stablility Analysis

Compute the time derivative of V

* V(R,p) =H(p) + ¥Y(R)

+ V(R,p) = H(p) + ¥(R) = (dH)[P)gs + (d¥(RIR), ¢,
= (dH(p)|p)gs + (dY(R)|Br(w))1rs0(3)
= (dH () Ip)gs + (Bx(A¥(R))|w)
= (dH(p)|P)gs + (er|w)ps

er = Pr(d¥(R))




Stablility Analysis

Compute the time derivative of V
* V(R,p) = H(p) + ¥(R)

* V(R,p) = H(p) + Y(R) = (dH()|p)gs + (d¥(R)| R)

= (dH(p)
= (dH(p)
= (dH (p)

TRSO(3)
PIr3s + (AY(R)|Br(w))1es0(3)

Phge + (Bi(d¥(R))|w).,
D)r3 + (eg|w)ps

=w"(fw—Kyegr +74) + w'eg

=w'pw

—w' (K, —1)eg + w14

er = Pr(d¥(R))



Stablility Analysis

Consider the modified Lyapunov function:
* V(R,p) = H(p) + ¥(R)

* V(R,p) = H(p) + P(R) = (dH®)Ip)ys + (dP(R)| R),. ()
= (dH(P)|p)gs + (AY(R)|Br(®))Trs50(3)
= (dH () Ip)gs + (Bz (AP (R))|w). s
= (dH(p)ID)gs + (Kper|w)
=w"(fw—Kyer +74) + 0 Kyep

=wpw—w"(K,—Ky)eg + w14

Kyer = Br(dP(R))
Tp = _ﬁ}?(dqj(R))



Stablility Analysis

Consider the modified Lyapunov function:

* V(R,p) = H(p) + ¥(R)

+ V(R,p) = H(p) + P(R) = (dH(®)|p)gz + (dP(R)| R)

= (dH (p)
= (dH(p)
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Stablility Analysis

Consider the modified Lyapunov function:

* V(R,p) = H(p) + ¥(R)

+ V(R,p) = H(p) + P(R) = (dH(®)|p)gz + (dP(R)| R)

= (dH (p)
= (dH(p)
= (dH(p)

TRSO(3)
P)rs + (dY(R)|Br (W) 1ps50(3)

Phrs + (Ba(dP(R))|w).,

P)r3 + (erR|a))R3

=w"(fw—Kyer +74) + 0 Kyep

=w'Pw—w'(K,—K,)eg + w14

N——
=0

=w'Ty

=0

Kyer = Br(dP(R))
Tp = _ﬁ}?(dqj(R))



Stablility Analysis

Consider the modified Lyapunov function:
* V(R,p) = H(p) + ¥(R)

* V(R,p) = H(p) + P(R) = (dH®)Ip)ys + (dP(R)| R),. ()
= (dH(P)|p)gs + (AY(R)|Br(®))Trs50(3)
= (dH () Ip)gs + (Bz (AP (R))|w). s
= (dHP)IP)gs + (Kperlw)y

=w"(fw—Kyer +74) + 0 Kyep

=w'Pw—w'(K,—K,)eg + w14
o ' 4
= =O

—w'tg=-w'K;w <0

Choose 7, = —Kzw with K; > 0



La Salle’s Invariance Principle

cLetQ =X = SO(3) X R3

*R={(R,p) €QIV(R p)}
* V(R,p) = w K w > w=p=0



La Salle’s Invariance Principle

cletQ =X = SO(3) X R3
* R :={(R,p) € Q|V(R,p)}
* V(R,p) = w K w
* M :={(R,p) €ER|p =0}
*p = pw—K,Br(d¥(R)) — Kgw

= Bi(d¥(R)) =0
= Ly(d¥(R)) = sk(RjJR) =0
=R, — Rl =0 =R,=R]
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