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State Space Dynamics

• The governing equations of an 𝑛-link manipulator* with control 
torques 𝜏 are:

𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝐵 𝜃 ሶ𝜃 + 𝑔 𝜃 = 𝜏

where 𝜃 ∈ 𝑄 = 𝕊1 × ⋯ × 𝕊1 ≅ 𝕋𝑛.

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

*We assume for simplicity all joints are revolute.
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• The governing equations of an 𝑛-link manipulator* with control 
torques 𝜏 are:

𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝐵 ሶ𝜃 ሶ𝜃 + 𝑔 𝜃 = 𝜏

where 𝜃 ∈ 𝑄 = 𝕊1 × ⋯ × 𝕊1 ≅ 𝕋𝑛.

• We can cast it into state space form
• 𝑥 = 𝑥1, 𝑥2 = 𝜃, ሶ𝜃 ∈ 𝑇𝑄

•
ሶ𝑥1

ሶ𝑥2
=

𝑥2

−𝑀−1 𝑥1  [𝑐 𝑥 + 𝑏 𝑥2 + 𝑔(𝑥1)]
+

0
𝑀−1 𝑥1

𝜏
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𝑐 𝑥 ≔ 𝐶 𝑥1, 𝑥2 𝑥2 ∈ ℝ𝑛,  𝑏 𝑥2 ≔ 𝐵 𝑥2 𝑥2 ∈ ℝ𝑛,  𝑔(𝑥1) ∈ ℝ𝑛



Equilibrium points of open loop system

• Proposition:
• For 𝜏 = 0, the equilibrium points of any n-link manipulator are states 𝑥∗ ≔

𝑥1,∗, 𝑥2,∗  that satisfy 

𝑔 𝑥1,∗ = 0𝑛,                𝑥2,∗ = 0𝑛.
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−𝑀−1 𝑥1  [𝑐 𝑥 + 𝑏 𝑥2 + 𝑔(𝑥1)]
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• Thus, the equilibrium points should satisfy

0𝑛 = 𝑀−1 𝑥1 𝑔(𝑥1)     or equivalently      0 = 𝑔⊤(𝑥1)𝑀−1 𝑥1 𝑔(𝑥1) 
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• Since 𝑀 𝑥1  ≻ 0, we have that 𝑀−1 𝑥1  ≻ 0

• Consequently, 𝑔⊤ 𝑥1 𝑀−1 𝑥1 𝑔 𝑥1 = 0 if an only if 𝑔 𝑥1 = 0𝑛.



Example: 2-link manipulator

• Recall that the gravity torques for a 2-link manipulator are given by:

𝑔 𝜃 =
𝛾1 sin 𝜃1 + 𝛾2 sin(𝜃1 + 𝜃2)

𝛾2 sin(𝜃1 + 𝜃2)
  

where 𝜃 ≔ 𝜃1, 𝜃2 ∈ −𝜋, 𝜋 × (−𝜋, 𝜋] and 𝛾1, 𝛾2 ∈ ℝ+ are constants.



Example: 2-link manipulator

• Recall that the gravity torques for a 2-link manipulator are given by:

𝑔 𝜃 =
𝛾1 sin 𝜃1 + 𝛾2 sin(𝜃1 + 𝜃2)

𝛾2 sin(𝜃1 + 𝜃2)
  

where 𝜃 ≔ 𝜃1, 𝜃2 ∈ −𝜋, 𝜋 × (−𝜋, 𝜋] and 𝛾1, 𝛾2 ∈ ℝ+ are constants.

• The equilibrium points 𝑥∗ = 𝜃∗, 02  of this manipulator should 

satisfy 𝑔 𝜃∗ = 0𝑛:

sin(𝜃1 + 𝜃2) = 0       and      sin 𝜃1 = 0

• Thus, we have that 

𝜃∗ = 0,0 ,       𝜃∗ = 0, 𝜋 ,        𝜃∗ = 𝜋, 0 ,  𝜃∗ = 𝜋, 𝜋 ,

• Consequently:

𝑥∗ = 0,0,0,0 ,        𝑥∗ = 0, 𝜋, 0,0 ,       𝑥∗ = 𝜋, 0,0,0 ,  𝑥∗ = 𝜋, 𝜋, 0,0 ,



Stability properties of the origin

• Total energy of the system

𝐸tot 𝜃, ሶ𝜃 = 𝐸kin 𝜃, ሶ𝜃 + 𝐸pot 𝜃 =
1

2
 ሶ𝜃⊤𝑀 𝜃 ሶ𝜃  + 𝐸pot 𝜃

where 𝐸pot: 𝑄 → ℝ is defined such that its gradient:

∇𝜃𝐸pot 𝜃 = 𝑔 𝜃 ∈ ℝ𝑛.

In general, we have that 𝐸kin: 𝑇𝑄 → ℝ  and 𝐸pot: 𝑄 → ℝ



Stability properties of the origin

• Consider the Lyapunov function given by the total energy of the 

mechanical system

𝑉 𝑥1, 𝑥2 =
1

2
 𝑥2

⊤𝑀 𝑥1 𝑥2  + 𝐸pot 𝑥1

• Since it represents energy, 𝑉 𝑥1, 𝑥2  is a positive definite Lyapunov 

function with a minimum at 𝑉 02, 02 = 0.
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mechanical system

𝑉 𝑥1, 𝑥2 =
1

2
 𝑥2

⊤𝑀 𝑥1 𝑥2  + 𝐸pot 𝑥1

• Since it represents energy, 𝑉 𝑥1, 𝑥2  is a positive definite Lyapunov 

function with a minimum at 𝑉 02, 02 = 0.

• One can show* that 
ሶ𝑉 𝑥1, 𝑥2 = −𝑥2

⊤𝐵 𝑥2 𝑥2 ≤ 0

which along with LaSalle’s invariance principle shows that 𝑥∗ =
02, 02  is locally asymptotically stable.

*Done on board !
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Done on board !



Summary

• The control law
𝜏 = 𝜏𝑝 + 𝜏𝑑 = −𝐾𝑝 𝑥1  − 𝜃𝑑 − 𝐾𝑑𝑥2 + 𝑔(𝑥1)

makes the closed loop system
ሶ𝑥1

𝑀 𝑥1 ሶ𝑥2
=

𝑥2

−𝑐 𝑥  − 𝑏 𝑥2 − 𝐾𝑝 𝑥1  − 𝜃𝑑 − 𝐾𝑑𝑥2

have a globally asymptotically equilibrium point at 𝑥𝑑 = (𝜃𝑑 , 02).
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