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Complexity of Floating-base Manipulators

• Fixed-base: All degrees of freedom (DOFs) are typically actuated.

• Floating-base: The base is unactuated (or indirectly actuated), 
leading to under-actuation.

Figure from Mazin Hamad et al.  IEEE TRO 2023



Complexity of Floating-base Manipulators

• Fixed-base: The base is stationary; dynamics are primarily local to 
the manipulator.

• Floating-base: Base and arm(s) dynamics are tightly coupled, and 
the base has holonomic or non-holonomic constraints.

Figure from Mazin Hamad et al.  IEEE TRO 2023



Complexity of Floating-base Manipulators

• Fixed-base: Stability is not a concern as the base is immobile.

• Floating-base: Especially in ground or legged platforms, stability is 
dynamic and must be actively maintained.

Figure from Mazin Hamad et al.  IEEE TRO 2023



Complexity of Floating-base Manipulators

• Fixed-base: External reaction forces are naturally transferred to the 
environment.

• Floating-base: Internal forces and torques cannot rely on ground 
reactions (linear and angular momentum must be managed by 
control carefully)

Figure from Mazin Hamad et al.  IEEE TRO 2023



Complexity of Floating-base Manipulators

• Fixed-base: Simpler joint-space or task-space control suffices in 
many cases.

• Floating-base: Requires whole-body control, prioritization, and 
constraint handling.

Figure from Mazin Hamad et al.  IEEE TRO 2023
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Recap: Fixed-base Dynamics

•  Structure:
• 𝑛 × Rigid Bodies

• 𝑛r × 1-DOF Revolute Joints

• 𝑛p × 1-DOF Prismatic Joints

• Frame 𝑖  is attached to 𝑖-th body,   𝑖 ∈ 1, ⋯ , 𝑛

• Frame 0 ≡ 𝑠  is stationary.

• Configuration Space:

• Unconstrained: 𝑄𝑓𝑟𝑒𝑒  ≔ 𝑆𝐸 3
𝑛

• Constrained/Reduced: 𝑄 = 𝕊1 × ⋯ × 𝕊1

𝑛r 

× ℝ × ⋯ × ℝ
𝑛p 

• dim 𝑄𝑓𝑟𝑒𝑒 = 6𝑛 ,  dim 𝑄 = 𝑛

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}
𝑆2

1 ሶ𝜃2

{𝑠}

𝑛r + 𝑛p = 𝑛



Recap: Fixed-base Dynamics

• 1-DOF Joints:
• Joint configuration:   𝑞𝑖 ∈ 𝕊1 or 𝑞𝑖 ∈ ℝ

• Joint velocity:           ሶ𝑞𝑖 ∈ ℝ

• Relative Pose:         𝐻𝑖
𝑖−1 𝑞𝑖 = 𝐻𝑖

𝑖−1 0  𝑒 ሚ𝑆𝑖
𝑖,𝑖−1

𝑞𝑖 ∈ 𝑆𝐸 3

• Relative Twist:         𝒱𝑖
𝑖,𝑖−1 = 𝑆𝑖

𝑖,𝑖−1 ሶ𝑞𝑖 ∈ ℝ6

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}
𝑆2

1 ሶ𝜃2

{𝑠}



Recap: Fixed-base Dynamics

• Recursive Newton-Euler Inverse Dynamics

• 𝒱𝑖
𝑖,𝑠 =  Ad

𝐻𝑖−1
𝑖 𝒱𝑖−1

𝑖−1,𝑠 + 𝑆𝑖
𝑖,𝑖−1 ሶ𝑞𝑖

• ሶ𝒱𝑖
𝑖,𝑠 = Ad

𝐻𝑖−1
𝑖 ሶ𝒱𝑖−1

𝑖−1,𝑠 − ad
𝑆𝑖

𝑖,𝑖−1 ሶ𝑞𝑖
Ad

𝐻𝑖−1
𝑖 𝒱𝑖−1

𝑖−1,𝑠 + 𝑆𝑖
𝑖,𝑖−1 ሷ𝑞𝑖 

• 𝒲𝑖−1
𝑖,𝑖 = 𝔗𝑖,𝑖 ሶ𝒱𝑖

𝑖,𝑠 − ad
𝒱𝑖

𝑖,𝑠
⊤ 𝔗𝑖,𝑖𝒱𝑖

𝑖,𝑠 + Ad
𝐻𝑖

𝑖+1
⊤ 𝒲𝑖

𝑖+1,𝑖+1
 

• 𝜏𝑖 = 𝑆𝑖
𝑖,𝑖−1 ⊤

𝒲𝑖−1
𝑖,𝑖

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}
𝑆2

1 ሶ𝜃2

{𝑠}

For i = 1, 𝒱0
0,𝑠 = 0 



Recap: Fixed-base Dynamics

• Compact Newton-Euler Inverse Dynamics

• 𝒱 = ℒ 𝑞  𝒮 ሶ𝑞

• ሶ𝒱 =  ℒ 𝑞  𝒮 ሷ𝑞 − ℒ 𝑞  ad𝒮 ሶ𝑞 𝒜 𝑞  𝒱

• 𝒲 =  ℒ⊤ 𝑞  𝔗 ሶ𝒱  − ℒ⊤ 𝑞  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲

𝒱 =
𝒱1

1,𝑠

⋮
𝒱𝑛

𝑛,𝑠
∈ ℝ6𝑛, 𝒲 =

𝒲0
1,1

⋮
𝒲𝑛−1

𝑛,𝑛
∈ ℝ6𝑛 ∗ ሶ𝑞 =

ሶ𝑞1

⋮
ሶ𝑞𝑛

∈ ℝ𝑛, 𝜏 =

𝜏1

⋮
𝜏𝑛

∈ ℝ𝑛 ∗

Unconstrained Variables Constrained/Reduced Variables



Recap: Fixed-base Dynamics

• Compact Newton-Euler Inverse Dynamics

• 𝒱 = 𝒥 𝑞 ሶ𝑞

• ሶ𝒱 = 𝒥 𝑞 ሷ𝑞 − ℒ 𝑞  ad𝒮 ሶ𝑞 𝒜 𝑞  𝒱

• 𝒲 =  ℒ⊤ 𝑞  𝔗 ሶ𝒱  − ℒ⊤ 𝑞  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲

𝒥 𝑞 =

𝑆1
1,0 0 ⋯ ⋯ 0

Ad𝐻1
2 𝑞 𝑆1

1,0 𝑆2
2,1 ⋯ ⋯ 0

Ad𝐻1
3 𝑞 𝑆1

1,0 Ad𝐻2
3 𝑞 𝑆2

2,1 𝑆3
3,2 ⋯ 0

⋮ ⋮ ⋱ ⋱ ⋮

Ad𝐻1
𝑛 𝑞 𝑆1

1,0 Ad𝐻2
𝑛 𝑞 𝑆2

2,1 Ad𝐻3
𝑛 𝑞 𝑆3

3,2 ⋯ 𝑆𝑛
𝑛,𝑛−1

=

𝒥1
1,𝑠

𝒥2
2,𝑠 𝑞

𝒥3
3,𝑠 𝑞

⋮
𝒥𝑛

𝑛,𝑠 𝑞

Geometric Body Jacobian of all 𝒏-links



Recap: Fixed-base Dynamics

• Reduced Dynamics

• 𝒱 = 𝒥 𝑞 ሶ𝑞
• ሶ𝒱 = 𝒥 𝑞 ሷ𝑞 − ℒ 𝑞  ad𝒮 ሶ𝑞 𝒜 𝑞  𝒱

• 𝒲 =  ℒ⊤ 𝑞  𝔗 ሶ𝒱  − ℒ⊤ 𝑞  ad𝒱
⊤ 𝔗 𝒱

• 𝜏 = 𝒮⊤𝒲

𝑀 𝑞 ሷ𝑞 + 𝐶 𝑞, ሶ𝑞 ሶ𝑞 = 𝜏

𝑀 𝑞 ≔ 𝒥⊤ 𝑞  𝔗 𝒥 𝑞

𝐶 𝑞, ሶ𝑞 ≔ 𝒥⊤ 𝑞 −𝔗ℒ 𝑞 ad𝒮 ሶ𝑞 𝒜 𝑞  − adℒ 𝑞  𝒮 ሶ𝑞
⊤ 𝔗 𝒥 𝑞



Recap: Fixed-base Dynamics

• Reduced Dynamics with gravity and end-effector wrench

𝑀 𝑞 ሷ𝑞 + 𝐶 𝑞, ሶ𝑞 ሶ𝑞 + 𝑔 𝑞 = 𝜏 + 𝒥e
⊤ 𝑞 𝒲int

𝑒,𝑒
 

 𝒱𝑒
𝑒,𝑠 = 𝒥𝑒 𝑞 ሶ𝑞
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