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Recap: Kinematic Modeling Notation

• A frame will be denoted by Ψ𝑖 or {𝑖}.

• The relative pose of {𝑖} with respect to {𝑘} is described by

𝐻𝑖
𝑘 = 𝑅𝑖

𝑘 𝜉𝑖
𝑘

0 1
∈ 𝑆𝐸 3 , 𝑅𝑖

𝑘 ∈ 𝑆𝑂 3 , 𝜉𝑖
𝑘 ∈ ℝ3



Recap: Kinematic Modeling Notation

• Given the relative pose of {𝑖} with respect to {𝑗} and the relative pose of 

{𝑗} with respect to {𝑘}, we have that 

𝐻𝑖
𝑘 = 𝐻𝑗

𝑘𝐻𝑖
𝑗

∈ 𝑆𝐸(3)

𝐻𝑗
𝑘: = 𝐻𝑘

𝑗
−1

= 𝑅𝑗
𝑘 −𝑅𝑗

𝑘𝜉𝑘
𝑗

0 1
∈ 𝑆𝐸 3  

𝑅𝑗
𝑘 ≔ 𝑅𝑘

𝑗
⊤

∈ 𝑆𝑂 3  



Recap: Kinematic Relations

1. Point mass translation :
• Configuration:

 𝜉𝑏
𝑠 ∈ ℝ3 

• Rate-of-change of configuration:

 ሶ𝜉𝑏
𝑠 ∈ ℝ3

• Velocity expressed in {𝑠}:

𝑣𝑏
𝑠,𝑠 ∈ ℝ3 

• Kinematic relation:

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

𝜉𝑏
𝑠

𝑣𝑏
𝑠

ሶ𝜉𝑏
𝑠 = 𝑣𝑏

𝑠,𝑠



Recap: Kinematic Relations

2. Rigid body rotation :
• Configuration:

 𝑅𝑏
𝑠 ∈ 𝑆𝑂(3) 

• Rate-of-change of configuration:

 ሶ𝑅𝑏
𝑠 ∈ 𝑇𝑅𝑏

𝑠 𝑆𝑂(3)

• Angular velocity expressed in {∗}:

෥𝜔𝑏
∗,𝑠 ∈ 𝑇𝐼𝑆𝑂 3 =: 𝑠𝑜 3  

• Kinematic relation:

ሶ𝑅𝑏
𝑠 = 𝑅𝑏

𝑠 ෥𝜔𝑏
𝑏,𝑠

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠𝜔𝑏
𝑠

ሶ𝑅𝑏
𝑠 = ෥𝜔𝑏

𝑠,𝑠𝑅𝑏
𝑠

𝑆−1: 𝑠𝑜 3 → ℝ3 
෥𝜔 ↦ 𝜔 

𝑆: ℝ3 → 𝑠𝑜(3)
𝜔 ↦ ෥𝜔



Recap: Lie group structure of SO(3)

• A rigid body rotational motion is represented mathematically by a 
curve

𝛾𝑅: 𝐼 ⊂ ℝ → 𝑆𝑂 3  
𝑡 ↦ 𝛾𝑅 𝑡 =: 𝑅𝑏

𝑠(𝑡)

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠𝜔𝑏
𝑠



Recap: Lie group structure of SO(3)

• A rigid body rotational motion is represented mathematically by a 
curve

𝛾𝑅: 𝐼 ⊂ ℝ → 𝑆𝑂 3  
𝑡 ↦ 𝛾𝑅 𝑡 =: 𝑅𝑏

𝑠(𝑡)

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠𝜔𝑏
𝑠

෥𝜔𝑏
𝑠,𝑠

෥𝜔𝑏
𝑏,𝑠

𝑠𝑜 3  



Recap: Kinematic Relations

3. Rigid body motion :
• Configuration:

 𝐻𝑏
𝑠 ∈ 𝑆𝐸(3) 

• Rate-of-change of configuration:

 ሶ𝐻𝑏
𝑠 ∈ 𝑇𝐻𝑏

𝑠𝑆𝐸(3)

• Twist expressed in {∗}:
෨𝒱𝑏

∗,𝑠 ∈ 𝑇𝐼𝑆𝐸 3 =: 𝑠𝑒 3  

• Kinematic relation:

ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

ሶ𝐻𝑏
𝑠 = ෨𝒱𝑏

𝑠,𝑠𝐻𝑏
𝑠

ሚ𝑆−1: 𝑠𝑒(3) → ℝ6 
෨𝒱 ↦ 𝒱

ሚ𝑆: ℝ6 → 𝑠𝑒(3)
𝒱 ↦ ෨𝒱

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

(𝑅𝑏
𝑠 , 𝜉𝑏

𝑠)



Recap: Lie group structure of SE(3)

• A rigid body general motion is represented mathematically by a 
curve

𝛾𝐻: 𝐼 ⊂ ℝ → 𝑆𝐸 3  
𝑡 ↦ 𝛾𝐻 𝑡 =: 𝐻𝑏

𝑠(𝑡)

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠
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Recap: Lie group structure of SE(3)

• A rigid body general motion is represented mathematically by a 
curve

𝛾𝐻: 𝐼 ⊂ ℝ → 𝑆𝐸 3  
𝑡 ↦ 𝛾𝐻 𝑡 =: 𝐻𝑏

𝑠(𝑡)

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

(𝑅𝑏
𝑠 , 𝜉𝑏

𝑠)

෨𝒱𝑏
𝑠,𝑠

෨𝒱𝑏
𝑏,𝑠

𝑠𝑒 3  
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