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« Recap last lectures

* Point mass dynamics

* Rigid body rotation dynamics
* Rigid body motion dynamics
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Recap: Kinematic Modeling Notation

» A frame will be denoted by ¥; or {i}.
* The relative pose of {i} with respect to {k} Is described by

k k
H = (Roi 9}) € SE(3), R €50(3), & eR?




Recap: Kinematic Relations

1. Point mass translation :
« Configuration:

« Rate-of-change of configuration:
 Velocity expressed in {s}:

 Kinematic relation:
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Recap: Kinematic Relations

2. Rigid body rotatio
« Configuration:

n .

RS € SO(3)

« Rate-of-change of configuration:

R} € TrsSO(3)

« Angular velocity expressed in {x}:

 Kinematic relation:

~*,S

Wy,

5S _ pS~Db,s
Ry = Rpw,,

o
Ry =w

~S,SPpS
b Rb

€ T,SO0(3) =:s0(3)




Recap: Kinematic Relations

3. Rigid body motion :

« Configuration:

H; € SE(3)
« Rate-of-change of configuration:
Hp € TysSE(3)
» Twist expressed in {*}:
V,* € T;SE(3) =:se(3) Zp
« Kinematic relation:

TS _ 17s1b,s
H = HS V)

TS _ 192S,S171S
Hi =V, *H;




Recap: Matrix form of velocities in 3D

* Angular velocity * Twist
Wy w
a)=<wy>E]R3 V=(U)EIR6
Wy

e e

0 —w; Wy _
o= w, 0 —w, | € so(3) V= (Oa) g) € se(3)
3x1

—Wy Wy 0



Recap: Spatial and body velocities

« Spatial Twist * Body Twist
S,S bs
a) W'
V;;S — ( ) E ]:R6 VI;Q,S — b E R6
U b,s
b vy
b
Hf = H;V,)*=V,*H}
V,* = H§Vy*HY 1 V" = Adys 1,
o RLE) [Tt (R 0
i i 1 Adi=(zz )
Vb

A called the Adjoint
matrix of SE(3)
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* Point mass dynamics




Dynamic modeling

* A dynamic model describes the motion of a system while
considering the forces and torques that cause the motion.

e It Includes both kinematics and conservation laws

Vs

Vh

Torgues on rotating rigid body

Forces on translating point mass

e

(Rp,$b)

A\ e

Wrenches on moving rigid body




Point mass dynamics

« We will denote by:
. fP. e R3: the abstract force from source src acting on point mass b
Ssr'é’ € R3: the force from source src acting on point mass b, expressed in {s}.
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Forces on translating point mass



Point mass dynamics

« We will denote by:
. fP. e R3: the abstract force from source src acting on point mass b
Si'f € R3: the force from source src acting on point mass b, expressed in {s}.

* The kinetic energy of point b, E,: R®> - R is given by:

© E(vy%) =5 m(uy®) v
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Point mass dynamics

« We will denote by:
. fP. e R3: the abstract force from source src acting on point mass b

o0 € R: the force from source src acting on point mass b, expressed in {s}.
* The Kkinetic energy of point b, Ex: R3 - R is given by:

© B (v3°) =5 m(vy*) v
* The linear momentum of point b expressed in {s}, va’b € R3 is given by:
b . OF
- P = Ss(v *) = mv}
Vh
ZAS ./
&b f
b
Src
Xs
Vs

Forces on translating point mass



Point mass dynamics

« We will denote by:
. fP. e R3: the abstract force from source src acting on point mass b

o0 € R: the force from source src acting on point mass b, expressed in {s}.
* The Kkinetic energy of point b, Ex: R3 - R is given by:

« Ex(vy )— m(v;°) v ! B
* The linear momentum of point b expressed in {s}, P,f’b € R3 is given by:
b . OF
- P = Ss(v *) = mv}
* Newton’s law: Vh
° PSb — tf)f ZAS ./
S
or gb f
« 55 = 1 ,sb src
b mJtot 555
Vs

Forces on translating point mass



Point mass dynamics

* In summary,

s,b
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|
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Kinematic relation
Momentum balance

Constitutive relation
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Point mass dynamics

* In summary,
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* Rigid body rotation dynamics




Rigid body rotation dynamics

« We will denote by:
- 70 . € R3: the abstract torque from source src acting on body attached to {b}
- 7" € R3: the torque from source src acting on on body attached to {b}, expressed in {*}.

Torgues on rotating rigid body



Rigid body rotation dynamics

« We will denote by:
- 70 . € R3: the abstract torque from source src acting on body attached to {b}
- 7" € R3: the torque from source src acting on on body attached to {b}, expressed in {*}.

* The kinetic energy of the rigid body, E,:SO(3) x R3 - R is given** by:
* E(Ry wp%) =5 (0") TP (RE)

| 1 . ) ) ) ) _
& The kinetic energy is formally a function on the tangent bundle E;: TSO(3) - R Torques on rotating rigid body



Rigid body rotation dynamics

« We will denote by:
- 70 . € R3: the abstract torque from source src acting on body attached to {b}

. 72 € R3: the torque from source src acting on on body attached to {b}, expressed in {x}.
* The kinetic energy of the rigid body, E,:SO(3) x R3 - R is given** by:
+ Ee(RE 0p%) =5 (%) TP (RY) @y

* The angular momentum of the rigid body expressed in {*}, ij'b € R? is given by:

b . OE S\ )
Pt = 2 (R wy) = 1P RD) @

Torgues on rotating rigid body



Rigid body rotation dynamics

« We will denote by:
- 70 . € R3: the abstract torque from source src acting on body attached to {b}

. 72 € R3: the torque from source src acting on on body attached to {b}, expressed in {x}.
* The kinetic energy of the rigid body, E,:SO(3) x R3 - R is given** by:
+ Ee(RE 0p%) =5 (%) TP (RY) @y

* The angular momentum of the rigid body expressed in {*}, P(j'b € R? is given by:

b . OE S\ )
Pt = 2 (R wy) = 1P RD) @

* Euler’s law in {s}:

ss,b _ _s,b
* Py = Tt

Torgques on rotating rigid body



Outline

* Rigid body motion dynamics




	Slide 1: SCE 594: Special Topics in Intelligent Automation & Robotics
	Slide 2: Outline
	Slide 3: Outline
	Slide 4: Recap: Kinematic Modeling Notation
	Slide 5: Recap: Kinematic Relations
	Slide 6: Recap: Kinematic Relations
	Slide 7: Recap: Kinematic Relations
	Slide 8: Recap: Matrix form of velocities in 3D
	Slide 9: Recap: Spatial and body velocities
	Slide 10: Outline
	Slide 11: Dynamic modeling
	Slide 12: Point mass dynamics
	Slide 13: Point mass dynamics
	Slide 14: Point mass dynamics
	Slide 15: Point mass dynamics
	Slide 16: Point mass dynamics
	Slide 17: Point mass dynamics
	Slide 18: Outline
	Slide 19: Rigid body rotation dynamics
	Slide 20: Rigid body rotation dynamics
	Slide 21: Rigid body rotation dynamics
	Slide 22: Rigid body rotation dynamics
	Slide 23: Outline

