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SCE594: Special Topics in Intelligent Automation & Robotics 

Homework 2 

 

Question 1: 

Show that the vectorization map is defined in Lec. 2, Slide 19 is a linear isomorphism. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Question 2: 

Search online or in the reading material for the Einstein summation convention and explain it in 

your own words. 
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Question 3: 

For a given vector space 𝑉 with dimension 𝑛, let  {𝑒1, ⋯ , 𝑒𝑛} denote a basis 𝐵 for 𝑉 and 

{𝑒̃1, ⋯ , 𝑒̃𝑛} denote another basis 𝐵̃ for 𝑉 such that any 𝑣 ∈ 𝑉 can be expressed as 𝑣 = 𝑣𝑖𝑒𝑖 or 

𝑣 = 𝑣̃𝑖𝑒̃𝑖. 

Let [𝑣]𝐵 = (
𝑣1

⋮
𝑣𝑛

) ∈ ℝ𝑛  and  [𝑣]𝐵̃ = (
𝑣̃1

⋮
𝑣̃𝑛

) ∈ ℝ𝑛 denote the components of the vector 𝑣 ∈ 𝑉 in the 

two bases. 

a) For any endomorphism 𝐴: 𝑉 → 𝑉 ,show that the components of 𝐴(𝑣) ∈ 𝑉 can be 

expressed as 

[𝐴(𝑣)]𝐵 = [𝐴]𝐵[𝑣]𝐵 

where [𝐴]𝐵  ∈ ℝ𝑛×𝑛 is the matrix representation of 𝐴 given by 

[𝐴]𝐵 = (
𝐴1

1 ⋯ 𝐴𝑛
1

⋮ ⋱ ⋮
𝐴1

𝑛 … 𝐴𝑛
𝑛

)   
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b) Let 𝑷 ∈ 𝐺𝐿(𝑛, ℝ) ⊂ ℝ𝑛×𝑛 be the change of basis matrix such that  

[𝑣]𝐵 =  𝑷 [𝑣]𝐵̃  

Show that the coordinate change for endomorphisms is given by 

[𝐴]𝐵̃ =  𝑷−1 [𝐴]𝐵 𝑷  
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Concept: Dual basis 

To answer the following questions (4 & 5), you will need the concept of a dual basis. 

 

Let 𝑉∗ denote the dual space to 𝑉 which can be given the basis {𝜑1, ⋯ , 𝜑𝑛} such that any 𝛼 ∈

𝑉∗ can be expressed as 𝛼 = 𝛼𝑘  𝜑𝑘, where 𝜑𝑘 ∈ 𝑉∗ is a linear map 𝜑𝑘: 𝑉 → ℝ defined by the 

property: 

𝜑𝑘(𝑒𝑖) = 𝛿𝑖
𝑘 =  {

1     , 𝑖 = 𝑘
0     ,         𝑖 ≠ 𝑘

 

 

The collection of co-vectors {𝜑1, ⋯ , 𝜑𝑛}  is called the dual basis. 

 

Question 4: 

Using the concept of a dual basis, show that if 𝑣 = 𝑣𝑖𝑒𝑖 and 𝛼 = 𝛼𝑘  𝜑𝑘,  we have that  

𝛼(𝑣) = 𝛼𝑖𝑣𝑖. 
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Question 5: 

a) For any bilinear map 𝛽: 𝑉 → 𝑉∗ ,show that the components of 𝛽(𝑣) ∈ 𝑉∗ can be 

expressed as 

[𝛽(𝑣)]𝐵 = [𝛽]𝐵[𝑣]𝐵 

where [𝛽]𝐵  ∈ ℝ𝑛×𝑛 is the matrix representation of 𝛽 given by 

[𝛽]𝐵 = (
𝛽11 ⋯ 𝛽1𝑛

⋮ ⋱ ⋮
𝛽𝑛1 … 𝛽𝑛𝑛

)   
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b) Let 𝑷 ∈ 𝐺𝐿(𝑛, ℝ) ⊂ ℝ𝑛×𝑛 be the change of basis matrix such that  

[𝑣]𝐵 =  𝑷 [𝑣]𝐵̃  

Show that the coordinate change for bilinear maps is given by 

[𝛽]𝐵̃ =  𝑷⊤ [𝛽]𝐵 𝑷  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 


