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* Recap Last Lectures
* Lie group structure of SO(3) and SE(3)
* Properties of Angular velocities & Twists
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Recap: Kinematic Modeling Notation

A frame will be denoted by W; or {i}.
* The relative pose of {i} with respect to {k} is described by

k k
H = (Roi 9}) € SE(3), Rk €50(3), ¢&FeR3




Recap: Kinematic Modeling Notation

* Given the relative pose of {i} with respect to {j} and the relative pose of
{j} with respect to {k}, we have that

HF = H*H] € SE(3)

He: = (1)) < R} Rff,{) € SE(3)

Rf = (R €s0(3)




Recap: Lie Group Structure of SO(3)

Physical Space Abstract Manifold m
R -
Relative orientation  Point on a manifold R, € SO(3) F S0@3)
of 2 frames TrSO(3) g
A smooth sequence Smooth curve on a Yr(t)
of relative manifold . 5:\
orientations - vr(t) 4 (
Rate of change of Element of the tangent R; € T, SO(3) s0(3) o
orientation space at R; € SO(3) Abstract Manifold
(Tangent vector to a curve)
Angular Velocity Element of the tangent @; € so(3) .

space at I € SO(3)
(Vector in the Lie algebra)

Physical Space



Recap: Lie Group Structure of SO(3)

Physical Space Abstract Manifold m

Relative orientation  Point on a manifold R; € SO(3)
of 2 frames

A smooth sequence Smooth curve on a Yr(t)

of relative manifold

orientations

Rate of change of Element of the tangent R; € T, SO(3)
orientation space at R; € SO(3)

(Tangent vector to a curve)

Angular Velocity Element of the tangent @; € so(3)
space at I € SO(3)
(Vector in the Lie algebra)

TrSO(3) = {R € R3*3 | RTR is skew symmetric}
so(3) = T;S0(3) = {& € R3*3 | @ is skew symmetric}

Physical Space
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* Lie group structure of SO(3) and SE(3)




Lie Group Structure of SE(3)
Physical Space | Abstract Manifold | Notation
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Point on a manifold H; € SE(3)

Smooth curve on a vy (t)

manifold

Element of the tangent
space at H; € SE(3)
(Tangent vector to a curve)

H, € Ty,SE(3)

Element of the tangent
space at I € SE(3)
(Vector in the Lie algebra)

V, € se(3)
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Lie group

» How to relate a tangent vector h € T},G to an element of the Lie
algebra g := T,G for a generic Lie group G?
» Using pushforward of the Left translation map
» Using pushforward of the Right translation map




Left and Right translation maps

» Consider the Lie group (G, m)
* For a given element h € G, the left translation is the map
Ly:G -G
q - hmg

* For a given element h € G, the right translation is the map

Ruy:G » G
q - quh

Left (Right) translations encode how the group acts on itself from the left (right).



Left and Right translation maps

» Consider the Lie group (G, m)
* For a given element h € G, the left translation is the map
Ly:G -G
q - hmg

* For a given element h € G, the right translation is the map

Ruy:G » G
q - quh

For a matrix Lie group G (e.g., SO(n),SE(n)) -> m is matrix multiplication.



Pushforward of a map between manifolds

 Considerthemap f:M > N, x+— X
* The pushforward of the map f is the map
f*,x: TxM — Tf(x)N

ViU



Pushforward of Left and Right translation maps

» Consider the Lie group (G, m)
* The pushforward of the left translation is the map

(['h)*,q: TqG — Thqu

q = Vg

* The pushforward of the right translation is the map
(Rh)*,q: TqG — Tq.hG

q = Vg

% These maps let you compare/relate vectors living at different points of the Lie group.



Pushforward of Left and Right translation maps

« What happens when h = ¢~ ?
* The pushforward of the left translation becomes

(Lq—1)*’q:TqG - T,G =:g

* The pushforward of the right translation becomes
(:Rq_l)*’q:TqG ->T,G=:g

. Any map “to the Lie algebra” will take a tangent vector somewhere on the group and
.= bringing it back to the identity.




Special Case: SO(3)

« Consider the Lie group (50(3),")

* For a given element R € SO(3), we have that
* L7:50(3) — SO(3) is matrix multiplication from the left
* (Lp7).r: TRSO(3) — so0(3) is matrix multiplication from the left

* Rp1:50(3) — SO(3) is matrix multiplication from the right
* (Rp7).r:TrSO(3) — so(3) is matrix multiplication from the right



Special Case: SO(3)

» Consider the Lie group (50(3),")

* For a given element R € SO(3), we have that
* L7:50(3) — SO(3) is matrix multiplication from the left
* (Lp7).r:TRSO(3) — so0(3) is matrix multiplication from the left

* Rp1:50(3) — SO(3) is matrix multiplication from the right
* (Rp7).r:TrSO(3) — so(3) is matrix multiplication from the right

L,t(R)=R"-R € S0(3) (Lzm)«r(R) =RT-R €so(3) — 2different
representations
— — - : : T of angular
R,m1(R) =R -RT € S0(3) (Rgm)«r(R) =R-RT €50(3) .  velocity




Special Case: SE(3)

 Consider the Lie group (SE(3),")

* For a given element H € SE(3), we have that
 L,;-1:SE(3) — SE(3) is matrix multiplication from the left
* (Ly-1).q:TySE(3) — se(3) is matrix multiplication from the left

* R,;-1:SE(3) — SE(3) is matrix multiplication from the right
* (Ry-1).q: TySE(3) — se(3) is matrix multiplication from the right



Special Case: SE(3)

» Consider the Lie group (SE(3),")

* For a given element H € SE(3), we have that
 L,;-1:SE(3) — SE(3) is matrix multiplication from the left
* (Ly-1).q:TySE(3) — se(3) is matrix multiplication from the left

* R,;-1:SE(3) — SE(3) is matrix multiplication from the right
* (Ry-1).q: TySE(3) — se(3) is matrix multiplication from the right

LH—1(H) =H1.-HeSEQ3) (LH—l)*,H(H) =H ' -Hese(B) 2 different

representations

Ry-1(H) =H-H™' € SE(3) (ﬂH—l)*,H(H) =H-H1ese(3) of Twist
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* Properties of Angular velocities & Twists




Angular Velocity

« Configuration:
R; € SO(3)
» Rate-of-change of configuration:
R} € TRsSO(3)
* Body angular velocity expressed in {b}:
&y° == RE RS € s0(3)
» Spatial angular velocity expressed in {s}:
@, == R; R? € s0(3)

RE = (RY)T




Twist

« Configuration:

H; € SE(3) HY == (H))™?
» Rate-of-change of configuration:
Hg S THgSE(:S)
* Body twist expressed in {b}:
V) == HP H € se(3)
« Spatial twist expressed in {s}: H; 9
V. == Hj HY € se(3)




Properties

* Angular velocities

° &;:k;k — _&;yi
~uk _ o~ ~*,k
c B =0+ @y
o Twists
oK 0l
V=V




	Slide 1: SCE 594: Special Topics in Intelligent Automation & Robotics
	Slide 2: Outline
	Slide 3: Outline
	Slide 4: Recap: Kinematic Modeling Notation
	Slide 5: Recap: Kinematic Modeling Notation
	Slide 6: Recap: Lie Group Structure of SO(3)
	Slide 7: Recap: Lie Group Structure of SO(3)
	Slide 8: Outline
	Slide 9: Lie Group Structure of SE(3)
	Slide 10: Lie group
	Slide 11: Left and Right translation maps
	Slide 12: Left and Right translation maps
	Slide 13: Pushforward of a map between manifolds
	Slide 14: Pushforward of Left and Right translation maps
	Slide 15: Pushforward of Left and Right translation maps
	Slide 16: Special Case: SO(3)
	Slide 17: Special Case: SO(3)
	Slide 18: Special Case: SE(3)
	Slide 19: Special Case: SE(3)
	Slide 20: Outline
	Slide 21: Angular Velocity
	Slide 22: Twist
	Slide 23: Properties

