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* Recap last lectures




Recap: Kinematic Modeling Notation

A frame will be denoted by W; or {i}.
* The relative pose of {i} with respect to {k} is described by

k k
H = (Roi 9}) € SE(3), Rk €50(3), ¢&FeR3




Recap: Kinematic Relations

1. Point mass translation :
« Configuration:

« Rate-of-change of configuration:
* Velocity expressed in {s}:

 Kinematic relation:

: S,S
$p =y

¢ € R?
& e R3

v,” € R?



Recap: Kinematic Relations

2. Rigid body rotation :
« Configuration:
R; € SO(3)
« Rate-of-change of configuration:
R} € TrsSO(3)
* Angular velocity expressed in {x*}:
@,” € T;S0(3) =:50(3)
» Kinematic relation:

5S _ pS~Db,s
Ry = Rpw,

35S . ~S,SpsS
Ry = w,” Ry




Recap: Kinematic Relations

3. Rigid body motion :

« Configuration:

H; € SE(3)
 Rate-of-change of configuration:
Hp € TysSE(3)
» Twist expressed in {*}:
V,* € T;SE(3) =:se(3) Zp
» Kinematic relation:

TS _ 17s1b,s
Hy = HpV,

TS _ 192S,S171S
Hi =V, *H;




Recap: Matrix form of velocities in 3D

* Angular velocity * Twist
w:<w§)eR3 v= (9)ens

e e

0 —w; Wy _
o= w, 0 —w, | € so(3) V= (Oa) g) € se(3)
3x1

—Wy Wy 0
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* Properties of Twists




Properties

* Angular velocities

@k =~y C W = —wy
@t =am @ e = e g
so(3) R*
e Twists
. vi*,k _ _v}:,i o
e VK =DM 4 Dk ‘

se(3)




Relation between spatial and body angular velocity

« Spatial Angular Velocity * Body Angular Velocity
W € R3 wp € R




Relation between spatial and body angular velocity

« Spatial Angular Velocity * Body Angular Velocity
ER? w’ € R3

~SS s ~b,s b R

AdR:R

called the Adjoint
map of SO(3)

| i| *See Reading material




Relation between spatial and body twist

« Spatial Twist * Body Twist
S,S b,s
s,s _ [ @b 6 b,s Wy’
Vb T (U;’S) ER Vb — (vf’s

TS _ 17Sv9D,S— A9S5,S17S
Hb _Hbvb _Vb Hb

1) ) ~b’
DS = HSDLSHY

Zp

Zg (R, ¢3)
A
Xs

<)
()




Relation between spatial and body twist

« Spatial Twist * Body Twist
S,S bs
a) w )
V)" = ( )EIR6 Vo= " |€ER®
U b,s
b vy
b —
Hf = H;V,)*=V,*Hj
VS = HSVPSHY | V3 = Adys V)
o RLE) [Tt (R 0
/\‘ . ' " (ER R)
Vb

o called the Adjoint
map of SE(3)
il * Homework Problem ~ ~




Properties of Adjoint Map of SE(3)

« Adjoint map of SE(3)
Ad;:R® — R®
* Closed form expressions:

« Composition
AdHlAde — AdHle

* Inverse
(AdH)_l — AdH—l

* Time derivative
d
% (Adyx) = Ad,yead

V= Adys V)

Mo =(gr p)

6X 6
matrix



Properties of Adjoint Map of SE(3)

 Adjoint map of SE(3) L .
V)5 = Adys V)
Ad;:R® — R® b
® . ) R 0 X
Closed form expressions: Ady, = (gR R) 6% 6

« Composition
AdHlAde — AdHle

* Inverse
(AdH)_l — AdH—l

 Time derivative
d
E (AdHlk) = AdHlk advii,k

(CIA)/ OBXS) 6X 6

matrix

 Adjoint operator of Se(3)
ad,: R® — R® ady =

~

213 *Assignment Problems
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* Point mass dynamics




Dynamic modeling

* A dynamic model describes the motion of a system while
considering the forces and torques that cause the motion.

* |t includes both kinematics and conservation laws

Vs

Vh

Torques on rotating rigid body

Forces on translating point mass

e

(Rp,$b)

A\ e

Wrenches on moving rigid body




Point mass dynamics

» We will denote by:
- L. € R3: the abstract force from source src acting on point mass b
Ssr'é’ € R3: the force from source src acting on point mass b, expressed in {s}.

Vh
ZS . /
3 f
b
]cSI'C
X
Vs

Forces on translating point mass



Point mass dynamics

» We will denote by:
- f.b. € R3: the abstract force from source src acting on point mass b
50 e R3: the force from source src acting on point mass b, expressed in {s}.
* The kinetic energy of point b, E: R3 - R is given by:

« Ex(vy )— m(v;°) v ! B

Vs

Forces on translating point mass



Point mass dynamics

* We will denote by:

- fb. € R3: the abstract force from source src acting on point mass b
Si’f € R3: the force from source src acting on point mass b, expressed in {s}.

* The kinetic energy of point b, E: R3 - R is given by:

« Ex(vy )— m(v;°) v ! B
* The linear momentum of point b expressed in {s}, P,,S’b € R3 is given by:
b OE
« P =— S"S (v;°) = mv)
Vh
Z ./
$b
fSII?'C
Xs
Vs

Forces on translating point mass



Point mass dynamics

* We will denote by:

- fb. € R3: the abstract force from source src acting on point mass b
Si’f € R3: the force from source src acting on point mass b, expressed in {s}.

* The kinetic energy of point b, E: R3 - R is given by:

« B (v)®) = m(vss Tvgs

* The linear momentum of point b expressed in {s}, P,,S’b € R3 is given by:

0
« PSP = aES"S (v;°) = mv)
 Newton’s law: Vp
s,b _ rsb 7 /
* B = [ e £ ®
or b
.S,S 1 .sb fb
*Up = i Teot A src
m Xs
Vs

Forces on translating point mass



Point mass dynamics

* In summary,

|
:P;'b(O) HO!
|
s,b ) v 5, . v
tot va’b PvS’b 1 vb 55 g
> ]3 > f > m-— > [3 > f  ——
. f’S — Ug's Kinematic relation
. va’b= ﬁcf)tb Momentum balance
S,S —1pS,b o .
* vV, =m 1Pv Constitutive relation
Zs
S
$h
X
Vs

Forces on translating point mass




Point mass dynamics

* In summary,

s,b .
’ s,b
tot P,

d)
|

\

y
~

w
\ 4

Kinematic relation
Momentum balance

Constitutive relation

/

S,b
Pv

S,S

15(0)

A\ 4

A\ 4

” - b
c {=m 1ftf)t

\ 4

S
b

Vs

Forces on translating point mass
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 Rigid body dynamics




Rigid body motion dynamics

» We will denote by:
- Wk e (R®)*: the abstract wrench from source src acting on body attached to {b}
- WP e (R®)*: the wrench from source src acting on body attached to {b}, expressed in {x}.

Wrenches on moving rigid body



Rigid body motion dynamics

» We will denote by:

- Wk e (R®)*: the abstract wrench from source src acting on body attached to {b}

- WP e (R®)*: the wrench from source src acting on body attached to {b}, expressed in {x}.
 The kinetic energy of the rigid body, E,: SE(3) x R® - R is given by:

© E(H ) =5 (%) TPHD Y,

Generalized Inertia of the y
body attached to {b} g b (HS):R® - (R®)* S

expressed in {*} Wrenches on moving rigid body



Rigid body motion dynamics

* We will denote by:

- Wk e (R®)*: the abstract wrench from source src acting on body attached to {b}
- WP e (R®)*: the wrench from source src acting on body attached to {b}, expressed in {x}.

 The kinetic energy of the rigid body, E,: SE(3) x R® - R is given by:
+ Ec(H3 V) =5 (V%) TP H) v,
 The generalized momentum of the rigid body expressed in {x}, P*? € (R®)" is given
by:

e pHb = aEk (Hb,V*S) TP (HS)V,S

ZAS (Rg: 65)

W h d lized * * *
renches and generalize w 'b,P b e (]R6)

momenta are covectors !! -
Wrenches on moving rigid body




Rigid body motion dynamics

» We will denote by:
- Wk e (R®)*: the abstract wrench from source src acting on body attached to {b}

- WP e (R®)*: the wrench from source src acting on body attached to {b}, expressed in {x}.
 The kinetic energy of the rigid body, E,: SE(3) x R® - R is given by:
© E(H ) =5 (%) TPHD Y,
. -lla-he generalized momentum of the rigid body expressed in {x}, P*? € (R®)" is given
y:

e pHb = aEk (Hb,V*S) TP (HS)V,S

* Netwon- Eulers law in {s}: 2. (RS, £5)
« PSP = Wtf)f /_\‘
Xs
Wrenches and generalized Wb prb ¢ (R®)* Vs

momenta are covectors !! -
Wrenches on moving rigid body




Generalized Inertia

« Symmetric & positive definite
» Constant in any body-fixed frame
gbb — ( ]b'b m gc?m)
_mggm m 13

« Changes coordinates as
TP = Ad, TP Adp

Z (R, $b)

%5}

% .. # Recall how bilinear forms change coordinates
g Wrenches on moving rigid body



Kinetic energy invariance

» Kinetic energy is a scalar, so it is a coordinate-free concept.
Ex(H3,V,*) = Ex(H3, V,°) = Ex(H;, vy°
* Let’'s examine the kinetic energy of the twist in {b}:
E(H5, V) = E(Vp) =5 () w00 v

Lom &) IPP e R®*Cis independent of Hj
}I s



Kinetic energy invariance

» Kinetic energy is a scalar, so it is a coordinate-free concept.
Ex(H3,V,*) = Ex(H3, V,°) = Ex(H;, vy°
* Let’'s examine the kinetic energy of the twist in {b}:
E(H5, V) = E(Vp) =5 () w00 v

» Using the definition of the generalized momentum pP?? = gbP V,f’s,

we have that
26, = (V) PP = (PP2) V)"

C % The duality pairing between twist 17,”* and generalized momentum P*? is twice the kinetic energy 2E,,



Generalized momentum

* Due to the invariance of kinetic energy, if we express the
momentum and twist in the {s} frame we have that:

ZEk — (Pb’b)TVlf’S — (Pb,b)TAngvlf,S — (Ad;gpb,b)TVI;?,S — (Ps,b)T,VI;s',S




Generalized momentum

* Due to the invariance of kinetic energy, if we express the
momentum and twist in the {s} frame we have that:

ZEk — (Pb’b)Tvlf’S — (Pb’b)TAdHSI?VIf'S — (Ad;gpb,b)TVI;?,S — (Ps,b)T,Vl;s',S

 Therefore,

Vector VS’S = Ad SVb’S = ]:R6 PS’b = Ad__IPb’b € (R6)* Covector
b Hy Vb Hj
b,s S,S
v 1%
b b
Ad ;s
Hp,
Pb,b Ps,b
T
EAE B D AdHS —
5,3 % A vector and a covector change coordinates differently !! b




Wrench

 Just as with twists, we can merge torques and forces into a six-dimensional

object we shall call a wrench.
*,b

Wb = <T*b> € (R%)*
f*
* The duality pairing of a wrench and a twists gives mechanical power:
Power = (W*’b)TV,;"’S
» Since power is also a coordinate-free concept, we have that
Vector | PSS = Angva'S € R® Wsb = Ad,;g,TWb'b € (R®)* | covector

b,s S,S

Ang

Wb’b Ws,b
] Adl-_l;s —
b




Rigid body dynamics

: Pb’b(O) EHE(O)
|
. v ~ . v
whb PP PPP 1 VT L | WL | Ho Hy
f > (SI , ) » S > Hb > f -
T b,b
ad b, P” <
vy
. Hg — Hgﬁlf,s Kinematic relation
e« pSb= Wtsc;'lc) Momentum balance
b,s — o .
¢ Vb — (zb’b) 1pbb Constitutive relation
Zs (Rp,¢p)
Xs
ys 5C\b

Wrenches on moving rigid body



* Assignment Problems

Rigid body dynamics

: pb.b (0) EHg (0)
|
. v ~ . v
whb PP PPP 1 VT L | WL | Ho Hy
f > (SI ) ) » S > Hb > f -
T b,b
ad b, P" <
vy
. Hg — Hgﬁlf,s Kinematic relation
e« pSb= Wtsc;'lc) Momentum balance
b,s — o .
¢ Vb — (zb’b) 1pbb Constitutive relation

Rewritten as A
y Zs (Rp, $5)

e [S =Y 7D,S 1

b — “bVp

yb,b _ b,b T b,b

i P —_ Wtot + advb’sp 55

b bb ’

;S — b,b _1 ) A ~
* Vb — (Z ) P Vs Xp

Wrenches on moving rigid body



* Assignment Problems

Rigid body dynamics

| phib(0) EHE (0)
|
. v ~ . v
whb PP PPP 1 VT L | WL | Ho Hy
f @yt et § ey [
b,bpbs e
J(P*)V,
. HbS — Hgﬁlf,s Kinematic relation
e« pSb= Wtsc;'lc) Momentum balance
b,s — o ,
¢ Vb — (zb’b) 1pbb Constitutive relation
. I
Or rewritten as N
y 5 Zs (Rp$b)
7S _ ys{b.s
5b,b _ q97b.D b,b\17b.s R
- PPL =W’ + J(PPP)V, Ry
b)S — b,b _1 b,b A A
¢ Vb - (fz ) P yS xb

Wrenches on moving rigid body
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