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Recap: Kinematic Modeling Notation

A frame will be denoted by W; or {i}.
* The relative pose of {i} with respect to {k} is described by

k k
H = (Roi 9}) € SE(3), Rk €50(3), ¢&FeR3




Recap: Kinematic Relations

1. Point mass translation :
« Configuration:

« Rate-of-change of configuration:
* Velocity expressed in {s}:

 Kinematic relation:

: S,S
$p =y

¢ € R?
& e R3

v,” € R?



Recap: Kinematic Relations

2. Rigid body rotation :
« Configuration:
R; € SO(3)
« Rate-of-change of configuration:
R} € TrsSO(3)
* Angular velocity expressed in {x*}:
@,” € T;S0(3) =:50(3)
» Kinematic relation:

5S _ pS~Db,s
Ry = Rpw,

35S . ~S,SpsS
Ry = w,” Ry




Recap: Kinematic Relations

3. Rigid body motion : SE(3) == S0(3) x R3
« Configuration:

H; € SE(3)
« Rate-of-change of configuration:
Hp € TysSE(3)
» Twist expressed in {*}:
V,* € T;SE(3) =:se(3) Zp
» Kinematic relation:

TS _ 17s1b,s
Hy = HpV,

TS _ 192S,S171S
Hi =V, *H;

Ys



Recap: Matrix form of velocities in 3D

* Angular velocity * Twist
w:<w§)eR3 v= (9)ens

e e

0 —w; Wy _
o= w, 0 —w, | € so(3) V= (Oa) g) € se(3)
3x1

—Wy Wy 0



Recap: Relation between spatial and body twist

« Spatial Twist

S,S
w
VS = ( ’35) € R®
Vb

* Body Twist

b,s

b,s
b

> AdH:(..

R 0
ER R

)

0,
b)eR6

V) = (
(%

called the Adjoint
map of SE(3)



Recap: Properties of Adjoint Map of SE(3)

« Adjoint map of SE(3)
Ad;:R® — R®
* Closed form expressions:

« Composition
AdHlAde — AdHle

* Inverse
(AdH)_l — AdH—l
 Time derivative

% (AdHik) = AdHl-k advii,k

V= Adys V)

Mo =(gr p)

~

ady = (f 03&?3)

Adjoint operator of se(3)

6X 6
matrix

6X 6
matrix



Recap: Point mass dynamics

s,b

’ 5S,b
tot P,

- S,S
* S$p =V
~S,b_ rS,b
* Pv _ﬁcot
e v)° =m1pSP
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Kinematic relation
Momentum balance

Constitutive relation
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Forces on translating point mass




Recap: Point mass dynamics

s,b

’ 5S,b
tot P,

- S,S
* Sp=Uy
~S,b_ rS,b
* P ftot ,
SIS — _1 S;
* v, =m P,
--S _ S’b
* mép = fior

y
~

w
\ 4

Kinematic relation
Momentum balance

Constitutive relation

Familiar form

15(0)
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4
vy” ;
> [3 :f N
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Forces on translating point mass




Recap: Rigid body dynamics

| psh(0) EH5<0>
|
ws,b ps:b ¥ ps.b pb.b Vb,s ﬁb,s HS y Hg
tOt: I > f = Ad_T — fzb»b -1 b > 5 b o H> b > f >
6 Hb ( ) b
7S — ys1b.s Kinematic relation
*  Hp = HpV,
e pSb=qpsSb Momentum balance

tot

bs _ - - :
c V= (ILDY=1pbb | constitutive relation

P*P: generalized momentum of the body expressed in {*}
W,

A\ A

P resultant wrench on body expressed in {*} Vs Xb

3*P: generalized inertia of the body expressed in {*}

Wrenches on moving rigid body
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Abstract concepts vs. numerical representations

» Abstract:
« V;: generalized velocity of the body with respect to fixed world
« P?: generalized momentum of the body
« WE.: resultant wrench on body

« IP: generalized inertia of the body . HS = HSDPS
[} > !b_ S’b
V5 ev, PP, WP, e v, bV -V P>= Weat
o VIf,S — (zb,b)—lpb,b

V as a vector space:
0eV
s Vi+V, eV

Wrenches on moving rigid body



Abstract concepts vs. numerical representations

» Abstract:

« V;: generalized velocity of the body with respect to fixed world

P?: generalized momentum of the body
« WE.: resultant wrench on body
TP generalized inertia of the body

Vi eV, PP, WP, e v, Thv - v

« (PP|V§) : twice the kinetic energy of the body
« (W |V§) : the mechanical power due to wrench

(-] »V'xV >R Duality product/pairing

PP == 3P (V5) : definition of the momentum of the body

Hy = H{V,”
psb=Wgr
VI;D,S — (zb,b)—lpb,b

Wrenches on moving rigid body




Abstract concepts vs. numerical representations

« Components in {m}:
« V= [Vf],, € R®
« PP = [PP], € (R®)
* Wtrgt'b = [Wt%t]m € (R®)"
. T = [T],: RS > (RS)"

TS _ pgs+b.s
* Hy =HpV,
R 5S,b — s,b
P - Wtot

 Change of basis from {m} to {k} . PP = (gbby-1pbb
bs

* V= Adpy V"

* PP = Adp PP

kb _ -T m,b

+ TP = Adp TPAd

Wrenches on moving rigid body



Abstract concepts vs. numerical representations

« Components in {m}:
« V= [Vf],, € R®
« PP = [PP], € (R®)
* Wtrgt'b = [Wt%t]m € (R%)*
- gmb .= [3P], :R® - (R®)*

TS _ 1ys1b,s
«  H = HV
o pSb=qpsb
p>"= tot

 Change of basis from {m} to {k} . PP = (gbby-1pbb
bs

* V= Ady VT = Adgr

* PP = Ady P™P = Adpm P™ .

k,.b __ -T mb __ T m,b

+ TP = Adp T™PAd L = AdgnT™P Adym

Wrenches on moving rigid body



Generalized Inertia

» I%P is always symmetric & positive definite
» 3% is constant if {k} is any body-fixed frame
oy :< Jeb méé‘m)
—-mé&., mi,
» 30 is block-diagonal if {k} is at CoM

czk,bz(]k'b 03><3)
O3x3 mli;

Jxx ]xy Jxz
Jb =]y Jyy Jyz | : moment of inertia matrix
Jxz ]yz Jzz




Up Next!

» How does the momentum balance equation look like in terms of P?? ?
» Can we split rotational and translational dynamics ?
* How is this related to more common forms in the literature ?

 What is the twist ?

- Hy =H3V)®

. psSb= Wti)"lcj Z Hy

. PPS = (ghby-1ph /_\‘
Xs

Wrenches on moving rigid body
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