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Recap: Kinematic Modeling Notation

• A frame will be denoted by Ψ𝑖 or {𝑖}.

• The relative pose of {𝑖} with respect to {𝑘} is described by

𝐻𝑖
𝑘 = 𝑅𝑖

𝑘 𝜉𝑖
𝑘

0 1
∈ 𝑆𝐸 3 , 𝑅𝑖

𝑘 ∈ 𝑆𝑂 3 , 𝜉𝑖
𝑘 ∈ ℝ3



Recap: Kinematic Relations

1. Point mass translation :
• Configuration:

𝜉𝑏
𝑠 ∈ ℝ3

• Rate-of-change of configuration:
ሶ𝜉𝑏
𝑠 ∈ ℝ3

• Velocity expressed in {𝑠}:

𝑣𝑏
𝑠,𝑠 ∈ ℝ3

• Kinematic relation:

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

𝜉𝑏
𝑠

𝑣𝑏
𝑠

ሶ𝜉𝑏
𝑠 = 𝑣𝑏

𝑠,𝑠



Recap: Kinematic Relations

2. Rigid body rotation :
• Configuration:

 𝑅𝑏
𝑠 ∈ 𝑆𝑂(3) 

• Rate-of-change of configuration:

 ሶ𝑅𝑏
𝑠 ∈ 𝑇𝑅𝑏

𝑠 𝑆𝑂(3)

• Angular velocity expressed in {∗}:

෥𝜔𝑏
∗,𝑠 ∈ 𝑇𝐼𝑆𝑂 3 =: 𝑠𝑜 3  

• Kinematic relation:

ሶ𝑅𝑏
𝑠 = 𝑅𝑏

𝑠 ෥𝜔𝑏
𝑏,𝑠

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠𝜔𝑏
𝑠

ሶ𝑅𝑏
𝑠 = ෥𝜔𝑏

𝑠,𝑠𝑅𝑏
𝑠



Recap: Kinematic Relations

3. Rigid body motion :
• Configuration:

 𝐻𝑏
𝑠 ∈ 𝑆𝐸(3) 

• Rate-of-change of configuration:

 ሶ𝐻𝑏
𝑠 ∈ 𝑇𝐻𝑏

𝑠𝑆𝐸(3)

• Twist expressed in {∗}:
෨𝒱𝑏

∗,𝑠 ∈ 𝑇𝐼𝑆𝐸 3 =: 𝑠𝑒 3  

• Kinematic relation:

ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

ሶ𝐻𝑏
𝑠 = ෨𝒱𝑏

𝑠,𝑠𝐻𝑏
𝑠

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

𝐻𝑏
𝑠

𝑆𝐸 3 ≔ 𝑆𝑂 3 ⋉ ℝ3



Recap: Matrix form of velocities in 3D

• Angular velocity

𝜔 =

𝜔𝑥

𝜔𝑦

𝜔𝑧

∈ ℝ3

෥𝜔 =

0 −𝜔𝑧 𝜔𝑦

𝜔𝑧 0 −𝜔𝑥

−𝜔𝑦 𝜔𝑥 0
∈  𝑠𝑜(3)

• Twist

𝒱 =
𝜔
𝑣

∈ ℝ6

෨𝒱 =
෥𝜔 𝑣

03×1 0
∈ 𝑠𝑒(3)

𝑆 𝑆−1 ሚ𝑆 ሚ𝑆−1



Recap: Relation between spatial and body twist

• Spatial Twist

𝒱𝑏
𝑠,𝑠 =

𝜔𝑏
𝑠,𝑠

𝑣𝑏
𝑠,𝑠 ∈ ℝ6

• Body Twist

𝒱𝑏
𝑏,𝑠 =

𝜔𝑏
𝑏,𝑠

𝑣𝑏
𝑏,𝑠 ∈ ℝ6

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

𝒱𝑏
𝑠,𝑠 = Ad𝐻𝑏

𝑠  𝒱𝑏
𝑏,𝑠

Ad𝐻 =
𝑅 0
ሚ𝜉𝑅 𝑅

called the Adjoint 

map of 𝑆𝐸(3)



Recap: Properties of Adjoint Map of SE(3)

• Adjoint map of SE(3) 

Ad𝐻: ℝ6  → ℝ6 

• Closed form expressions:
• Composition 

Ad𝐻1
Ad𝐻2

= Ad𝐻1𝐻2

• Inverse 
Ad𝐻

−1 = Ad𝐻−1

• Time derivative
𝑑

𝑑𝑡
Ad

𝐻𝑖
𝑘 =  Ad

𝐻𝑖
𝑘  ad

𝒱𝑖
𝑖,𝑘 

𝒱𝑏
𝑠,𝑠 = Ad𝐻𝑏

𝑠  𝒱𝑏
𝑏,𝑠

Ad𝐻 =
𝑅 0
ሚ𝜉𝑅 𝑅

6 ×  6 

matrix

ad𝒱 =
෥𝜔 03×3

෤𝑣 ෥𝜔
6 ×  6 

matrix

Adjoint operator of se(3) 



Recap: Point mass dynamics

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

𝜉𝑏
𝑠

𝑣𝑏
𝑠

Forces on translating point mass 

𝑓src
𝑏

∫   𝐼3  
𝜉𝑏

𝑠ሶ𝜉𝑏
𝑠𝑣𝑏

𝑠,𝑠

𝑚−1  
𝑃𝑣

𝑠,𝑏

∫   
ሶ𝑃𝑣
𝑠,𝑏

𝐼3  
𝑓tot

𝑠,𝑏

𝜉𝑏
𝑠(0)𝑃𝑣

𝑠,𝑏(0)

ℝ3ℝ3ℝ3ℝ3ℝ3ℝ3

•  ሶ𝜉𝑏
𝑠 = 𝑣𝑏

𝑠,𝑠 

• ሶ𝑃𝑣
𝑠,𝑏= 𝑓tot

𝑠,𝑏 

• 𝑣𝑏
𝑠,𝑠 = 𝑚−1𝑃𝑣

𝑠,𝑏

Momentum balance

Kinematic relation

Constitutive relation



Recap: Point mass dynamics

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠

𝜉𝑏
𝑠

𝑣𝑏
𝑠

Forces on translating point mass 

𝑓src
𝑏

∫   𝐼3  
𝜉𝑏

𝑠ሶ𝜉𝑏
𝑠𝑣𝑏

𝑠,𝑠

𝑚−1  
𝑃𝑣

𝑠,𝑏

∫   
ሶ𝑃𝑣
𝑠,𝑏

𝐼3  
𝑓tot

𝑠,𝑏

𝜉𝑏
𝑠(0)𝑃𝑣

𝑠,𝑏(0)

ℝ3ℝ3ℝ3

•  ሶ𝜉𝑏
𝑠 = 𝑣𝑏

𝑠,𝑠 

• ሶ𝑃𝑣
𝑠,𝑏= 𝑓tot

𝑠,𝑏 

• 𝑣𝑏
𝑠,𝑠 = 𝑚−1𝑃𝑣

𝑠,𝑏

Momentum balance

Kinematic relation

Constitutive relation

• 𝑚 ሷ𝜉𝑏
𝑠 =  𝑓tot

𝑠,𝑏 

ℝ3ℝ3ℝ3

Familiar form



Recap: Rigid body dynamics

•  ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

• ሶ𝑃𝑠,𝑏= 𝒲tot
𝑠,𝑏 

• 𝒱𝑏
𝑏,𝑠 = (𝔗𝑏,𝑏)−1𝑃𝑏,𝑏

Momentum balance

Kinematic relation

Constitutive relation

∫   𝐻𝑏
𝑠

𝐻𝑏
𝑠ሶ𝐻𝑏

𝑠෨𝒱𝑏
𝑏,𝑠

ሚ𝑆
𝒱𝑏

𝑏,𝑠

∫   

ሶ𝑃𝑠,𝑏𝒲tot
𝑠,𝑏

𝐻𝑏
𝑠(0)𝑃𝑠,𝑏(0)

𝑆𝐸(3)𝑠𝑒(3)ℝ6ℝ6 ∗ℝ6 ∗ ℝ6 ∗

(𝔗𝑏,𝑏)−1  
𝑃𝑠,𝑏

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

Wrenches on moving rigid body

𝐼6  𝐴𝑑
𝐻𝑠

𝑏
−⊤ 𝑃𝑏,𝑏

ℝ6 ∗

𝑃∗,𝑏: generalized momentum of the body expressed in {∗}

𝒲tot
∗,𝑏

: resultant wrench on body expressed in {∗}

𝔗∗,𝑏: generalized inertia of the body expressed in {∗}
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Abstract concepts vs. numerical representations

• Abstract:

• 𝒱𝑏
𝑠: generalized velocity of the body with respect to fixed world

• 𝑃𝑏: generalized momentum of the body

• 𝒲tot
𝑏 : resultant wrench on body 

• 𝔗𝑏: generalized inertia of the body

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

Wrenches on moving rigid body

•  ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

• ሶ𝑃𝑠,𝑏= 𝒲tot
𝑠,𝑏 

• 𝒱𝑏
𝑏,𝑠 = (𝔗𝑏,𝑏)−1𝑃𝑏,𝑏

𝒱𝑏
𝑠 ∈ 𝕍,  𝑃𝑏, 𝒲tot

𝑏 ∈ 𝕍∗,  𝔗𝑏: 𝕍 → 𝕍∗

𝕍 as a vector space:

• 0 ∈ 𝕍 

• 𝒱1 + 𝒱2 ∈ 𝕍



Abstract concepts vs. numerical representations

• Abstract:

• 𝒱𝑏
𝑠: generalized velocity of the body with respect to fixed world

• 𝑃𝑏: generalized momentum of the body

• 𝒲tot
𝑏 : resultant wrench on body 

• 𝔗𝑏: generalized inertia of the body

• 𝑃𝑏 ≔ 𝔗𝑏 𝒱𝑏
𝑠  : definition of the momentum of the body

• 𝑃𝑏 𝒱𝑏
𝑠  : twice the kinetic energy of the body

• 𝒲tot
𝑏 𝒱𝑏

𝑠  : the mechanical power due to wrench

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

Wrenches on moving rigid body

•  ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

• ሶ𝑃𝑠,𝑏= 𝒲tot
𝑠,𝑏 

• 𝒱𝑏
𝑏,𝑠 = (𝔗𝑏,𝑏)−1𝑃𝑏,𝑏

𝒱𝑏
𝑠 ∈ 𝕍,  𝑃𝑏, 𝒲tot

𝑏 ∈ 𝕍∗,  𝔗𝑏: 𝕍 → 𝕍∗

⋅ ⋅ : 𝕍∗ × 𝕍 → ℝ           Duality product/pairing



Abstract concepts vs. numerical representations

• Components in 𝑚 :
• 𝒱𝑏

𝑚,𝑠 ≔ 𝒱𝑏
𝑠

𝑚 ∈ ℝ6

• 𝑃𝑚,𝑏 ≔ 𝑃𝑏
𝑚 ∈ ℝ6 ∗

• 𝒲tot
𝑚,𝑏 ≔ 𝒲tot

𝑏
𝑚

∈ ℝ6 ∗

• 𝔗𝑚,𝑏 ≔ 𝔗𝑏
𝑚: ℝ6 → ℝ6 ∗

• Change of basis from {𝑚} to 𝑘

• 𝒱𝑏
𝑘,𝑠 = Ad𝐻𝑚

𝑘 𝒱𝑏
𝑚,𝑠

• 𝑃𝑘,𝑏 = Ad
𝐻𝑚

𝑘
−⊤ 𝑃𝑚,𝑏

• 𝒲tot
𝑘,𝑏 = Ad

𝐻𝑚
𝑘

−⊤ 𝒲tot
𝑚,𝑏

• 𝔗𝑘,𝑏 = Ad
𝐻𝑚

𝑘
−⊤ 𝔗𝑚,𝑏Ad

𝐻𝑚
𝑘

−1
ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

Wrenches on moving rigid body

•  ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

• ሶ𝑃𝑠,𝑏= 𝒲tot
𝑠,𝑏 

• 𝒱𝑏
𝑏,𝑠 = (𝔗𝑏,𝑏)−1𝑃𝑏,𝑏



Abstract concepts vs. numerical representations

• Components in 𝑚 :
• 𝒱𝑏

𝑚,𝑠 ≔ 𝒱𝑏
𝑠

𝑚 ∈ ℝ6

• 𝑃𝑚,𝑏 ≔ 𝑃𝑏
𝑚 ∈ ℝ6 ∗

• 𝒲tot
𝑚,𝑏 ≔ 𝒲tot

𝑏
𝑚

∈ ℝ6 ∗

• 𝔗𝑚,𝑏 ≔ 𝔗𝑏
𝑚: ℝ6 → ℝ6 ∗

• Change of basis from {𝑚} to 𝑘

• 𝒱𝑏
𝑘,𝑠 = Ad𝐻𝑚

𝑘 𝒱𝑏
𝑚,𝑠 = Ad𝐻𝑘

𝑚
−1 𝒱𝑏

𝑚,𝑠

• 𝑃𝑘,𝑏 = Ad
𝐻𝑚

𝑘
−⊤ 𝑃𝑚,𝑏 = Ad𝐻𝑘

𝑚
⊤ 𝑃𝑚,𝑏

• 𝒲tot
𝑘,𝑏 = Ad

𝐻𝑚
𝑘

−⊤ 𝒲tot
𝑚,𝑏 = Ad𝐻𝑘

𝑚
⊤ 𝒲tot

𝑚,𝑏

• 𝔗𝑘,𝑏 = Ad
𝐻𝑚

𝑘
−⊤ 𝔗𝑚,𝑏Ad

𝐻𝑚
𝑘

−1 = Ad𝐻𝑘
𝑚

⊤ 𝔗𝑚,𝑏 Ad𝐻𝑘
𝑚 ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

Wrenches on moving rigid body

•  ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

• ሶ𝑃𝑠,𝑏= 𝒲tot
𝑠,𝑏 

• 𝒱𝑏
𝑏,𝑠 = (𝔗𝑏,𝑏)−1𝑃𝑏,𝑏



Generalized Inertia

• 𝔗𝑘,𝑏 is always symmetric & positive definite

• 𝔗𝑘,𝑏 is constant if {𝑘} is any body-fixed frame

𝔗𝑘,𝑏 =
𝐽𝑘,𝑏 𝑚 ሚ𝜉cm

𝑘

−𝑚 ሚ𝜉cm
𝑘 𝑚 𝐼3

  

• 𝔗𝑘,𝑏 is block-diagonal if {𝑘} is at CoM

𝔗𝑘,𝑏 =
𝐽𝑘,𝑏 03×3

03×3 𝑚 𝐼3
 𝑏

𝑏′

CoM

𝑏′′

𝐽𝑘,𝑏 =

𝐽𝑥𝑥 𝐽𝑥𝑦 𝐽𝑥𝑧

𝐽𝑥𝑦 𝐽𝑦𝑦 𝐽𝑦𝑧

𝐽𝑥𝑧 𝐽𝑦𝑧 𝐽𝑧𝑧

 : moment of inertia matrix 



Up Next !

• How does the momentum balance equation look like in terms of 𝑃𝑏,𝑏 ?

• Can we split rotational and translational dynamics ?

• How is this related to more common forms in the literature ?

• What is the twist ? 

ො𝑥𝑏

ො𝑦𝑏

Ƹ𝑧𝑏

ො𝑥𝑠

ො𝑦𝑠

Ƹ𝑧𝑠 𝐻𝑏
𝑠

Wrenches on moving rigid body

•  ሶ𝐻𝑏
𝑠 = 𝐻𝑏

𝑠 ෨𝒱𝑏
𝑏,𝑠

• ሶ𝑃𝑠,𝑏= 𝒲tot
𝑠,𝑏 

• 𝒱𝑏
𝑏,𝑠 = (𝔗𝑏,𝑏)−1𝑃𝑏,𝑏
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