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Topic 2: Rigid Body Modeling

• Most robotic mechanisms are 
systems of rigid bodies
connected by joints.

• Understanding how to model
and interconnect rigid bodies is 
fundamental !



Configuration space of a rigid body

• We shall follow the Lie group approach for describing rigid body
kinematics and dynamics.

• The configuration space of a rigid body is the group of proper 
isometries of Euclidean spaces, known as the special Euclidean 
group SE(3).

“This group is perhaps the most important one for robotics”

J. M. Selig.



Configuration space of a rigid body

• In what follows, we will start from a coordinate-free approach to:

• Differentiate abstract coordinate-free description of rigid body motion and its 

coordinate representation using matrices.

• Highlight the mathematical nature of the different maps and spaces that 

arise when describing rigid bodies.

“This group is perhaps the most important one for robotics”

J. M. Selig.
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Coordinate-free description

• Concepts:
1.  n-dimensional Euclidean space ℰ 

2.  Rigid body ℬ 

3.  Coordinate-frame Ψ



Ambient space

1.  n-dimensional Euclidean space 𝓔: 
• An abstraction of the physical space we are living in.

• Associated to ℰ is a vector space ℰ∗

• Elements of ℰ are points 𝑝 ∈ ℰ

• Elements of ℰ∗ are free-vectors 𝑣 ∈ ℰ∗ 

• ℰ is equipped with a metric 𝑑: ℰ × ℰ → ℝ+

   that defines the distance between any two

   points in ℰ.

𝑛 = 3

𝑝 ∈ ℰ

𝑣 ∈ ℰ∗ 



Rigid Body

2.  Rigid body ℬ 
• A rigid body is mathematically the pair (ℬ, 𝜌)

• ℬ ⊂ ℰ is the set of points where matter is present

• 𝜌: ℬ → ℝ+ is the mass density function

• 𝜌 𝑝 ∈ ℝ+ is the mass density of the body at point 𝑝 ∈ ℬ

𝑛 = 3

𝑝 ∈ ℰ



Coordinate frame

3.  Coordinate-frame 𝚿
• A coordinate frame for the Euclidean space ℰ is the 4-tuple

Ψ ≔ {𝑜, Ƹ𝑒1, Ƹ𝑒2, Ƹ𝑒3}

with 𝑜 ∈  ℰ denoting the origin of the frame and Ƹ𝑒1, Ƹ𝑒2, Ƹ𝑒3 ∈ ℰ∗ are linearly-
independent orthonormal free vectors.

𝑛 = 3



Coordinate frame

3.  Coordinate-frame 𝚿
• A coordinate frame for the Euclidean space ℰ is the 4-tuple

Ψ ≔ {𝑜, Ƹ𝑒1, Ƹ𝑒2, Ƹ𝑒3}

with 𝑜 ∈  ℰ denoting the origin of the frame and Ƹ𝑒1, Ƹ𝑒2, Ƹ𝑒3 ∈ ℰ∗ are linearly-
independent orthonormal free vectors.

• Using Ψ, we can represent any points 𝑝 ∈ ℰ 

and any free vector 𝑣 ∈ ℰ∗ using coordinates 

in ℝ3:

𝑛 = 3

𝑝 = 𝑝𝑖 Ƹ𝑒𝑖 𝑣 = 𝑣𝑖 Ƹ𝑒𝑖

ℰ ∋ 𝑝 ↦

𝑝1

𝑝2

𝑝3

∈ ℝ3

𝑝 ∈ ℰ

𝑣 ∈ ℰ∗ 

ℰ∗ ∋ 𝑣 ↦
𝑣1

𝑣2

𝑣3

∈ ℝ3



Coordinate frame

3.  Coordinate-frame 𝚿
• A coordinate frame for the Euclidean space ℰ is the 4-tuple

Ψ ≔ {𝑜, Ƹ𝑒1, Ƹ𝑒2, Ƹ𝑒3}

with 𝑜 ∈  ℰ denoting the origin of the frame and Ƹ𝑒1, Ƹ𝑒2, Ƹ𝑒3 ∈ ℰ∗ are linearly-
independent orthonormal free vectors.

• Using Ψ, we can represent any points 𝑝 ∈ ℰ 

and any free vector 𝑣 ∈ ℰ∗ using coordinates 

in ℝ3:

𝑛 = 3

𝑝 ∈ ℰ

𝑣 ∈ ℰ∗ 

Chart for the 

manifold ℰ

Basis for the 

vector space ℰ∗
𝑝 = 𝑝𝑖 Ƹ𝑒𝑖 𝑣 = 𝑣𝑖 Ƹ𝑒𝑖

ℰ ∋ 𝑝 ↦

𝑝1

𝑝2

𝑝3

∈ ℝ3 ℰ∗ ∋ 𝑣 ↦
𝑣1

𝑣2

𝑣3

∈ ℝ3



Relative Pose

• The combined orientation and displacement of a Euclidean space is 
called the pose.

• The relative pose between two Euclidean spaces ℰ𝑖 and ℰ𝑗 with 

respect to each other will be denoted by ℎ𝑖
𝑗
: ℰ𝑖 → ℰ𝑗.

• The set of relative poses between 

  ℰ𝑖 and ℰ𝑗 will be denoted by

  𝑆𝐸𝑖
𝑗
(𝑛) ∋ ℎ𝑖

𝑗
.



Relative Pose

• By associating to every Euclidean space ℰ𝑘 a coordinate frame Ψ𝑘 ,

we can assign to every ℎ𝑖
𝑗

∈ 𝑆𝐸𝑖
𝑗
(𝑛) a map 𝜑

ℎ𝑖
𝑗: ℝ𝑛 → ℝ𝑛 which 

corresponds to the numerical representation of the relative pose of 
frames Ψ𝑖 and Ψ𝑗.

Ψ1

Ψ2

Ψ3



Nature of 𝜑ℎ 

• 𝜑ℎ: ℝ𝑛 → ℝ𝑛can be represented by a 𝑛 × 𝑛 matrix in End(ℝ𝑛)

• What should be the requirements on 𝜑ℎ ∈ End(ℝ𝑛)?

• In other words, do all elements in End(ℝ𝑛) qualify as rigid body 
transformations ?

L(ℝ𝑛, ℝ𝑚) 

End(ℝ𝑛)

𝐺𝐿 𝑛, ℝ

𝜑ℎ
?

?

?

G

ℎ: denotes the relative pose of any two frames



Isometries on ℝ𝑛

• For 𝜑ℎ: ℝ𝑛 → ℝ𝑛 to represent a rigid body transformation, it needs 
to preserve distances between points. 

• Such a map is called an isometry on ℝ𝑛:

Ψ1

Ψ2

Ψ3

𝜑ℎ 𝑣 − 𝜑ℎ 𝑤 ℝ𝑛 = 𝑣 − 𝑤 ℝ𝑛 ,  ∀𝑣, 𝑤 ∈ ℝ𝑛



Isometries on ℝ𝑛

• For 𝜑ℎ: ℝ𝑛 → ℝ𝑛 to represent a rigid body transformation, it needs 
to preserve distances between points. 

• Such a map is called an isometry on ℝ𝑛:

• Isometries on ℝ𝑛 include:
• Translation

• Rotation

• Reflection

𝜑ℎ 𝑣 − 𝜑ℎ 𝑤 ℝ𝑛 = 𝑣 − 𝑤 ℝ𝑛 ,  ∀𝑣, 𝑤 ∈ ℝ𝑛



Isometries on ℝ𝑛

• In general, an isometry 𝜑ℎ: ℝ𝑛 → ℝ𝑛 can be written as an affine map

where 𝑴 ∈ 𝑂 𝑛  is an orthogonal matrix and 𝝃 ∈ ℝ3 is a vector.

• The set 𝑂 𝑛  is defined by

𝜑ℎ 𝑣 = 𝑴𝑣 + 𝝃

𝑂 𝑛 ≔ 𝑴 ∈ 𝑅𝑛×𝑛 𝑴𝑴⊤ = 𝑰𝒏} 

• 𝑀 represents rotation or reflection

• 𝜉 represents translation

𝑂 𝑛  has a group 

structure equipped with 

matrix multiplication



Special Orthogonal Group

• An element 𝑴 ∈ 𝑂 𝑛  can have determinant*:
•  det 𝑴 =  +1 → Rotation

•  det 𝑴 = −1  → Reflection

• To exclude reflections, we restrict 𝑂 𝑛  to the subgroup:

which is called the special orthogonal group.

• An element 𝑹 of 𝑆𝑂 𝑛  is called a rotation matrix.

𝑂 𝑛 ≔ 𝑴 ∈ 𝑅𝑛×𝑛 𝑴𝑴⊤ = 𝑰𝒏} 

𝐝𝐞𝐭 𝑴 = +𝟏

𝐝𝐞𝐭 𝑴 = −𝟏𝝃 ∈ ℝ𝟑𝑆𝑂 𝑛 ≔ 𝑹 ∈ 𝑂 𝑛 det 𝑹 = 1} 

* Homework problem



Special Euclidean Group

• Therefore, the isometries 𝜑
ℎ𝑖

𝑗: ℝ𝑛 → ℝ𝑛 that represent rigid body 

rotations and translations are identified by the pair

𝐑𝒊
𝒋
, 𝝃𝒊

𝒋
∈ 𝑆𝑂 𝑛 × ℝ𝑛

where 𝐑𝒊
𝒋

∈ 𝑆𝑂(𝑛) represents the relative orientation of Ψ𝑖 and Ψ𝑗 and 

𝝃𝒊
𝒋

∈ ℝ𝑛 represents the relative displacement of Ψ𝑖 and Ψ𝑗.

• The product 𝑆𝑂 𝑛 × ℝ𝑛 =: 𝑆𝐸(𝑛) is called

the special Euclidean group.

Ψ1

Ψ2

ℎ2
1

(𝑅2
1, 𝜉2

1)



Special Euclidean Group

• The special Euclidean group (𝑆𝐸 𝑛 , ∎) is defined as

• Group operation ∎: 𝑆𝐸 𝑛 × 𝑆𝐸 𝑛 → 𝑆𝐸(𝑛) defined as

• Identity element 𝑒 ∈ 𝑆𝐸(𝑛):

• Inverse element of any ℎ ∈ 𝑆𝐸(𝑛):

Ψ1

Ψ2

ℎ2
1

(𝑅2
1, 𝜉2

1)

𝑆𝐸 𝑛 ≔ ℎ = 𝑅, 𝜉 𝑅 ∈ 𝑆𝑂 𝑛 , 𝜉 ∈ ℝ𝑛} 

ℎ𝑏∎ℎ𝑎  ≔ (𝑅𝑏 ⋅ 𝑅𝑎, 𝑅𝑏 ⋅ 𝜉𝑎 + 𝜉𝑏)

ℎ−1 = (𝑅⊤, −𝑅⊤ ⋅ 𝜉)

𝑒 = (𝐼𝑛, 0)

* Homework 2 problem



Special Euclidean Group

• The special Euclidean group (𝑆𝐸 𝑛 , ∎) is defined as

• The above construction implies that 𝑆𝐸 𝑛  is isomorphic to 

𝑆𝑂 𝑛 × ℝ𝑛 as sets but not as groups.

• We say that (𝑆𝐸 𝑛 , ∎) is the semi-direct product

  of the groups (𝑆𝑂 𝑛 ,⋅) and (ℝ𝑛, +):

Ψ1

Ψ2

ℎ2
1

(𝑅2
1, 𝜉2

1)

𝑆𝐸 𝑛 ≔ ℎ = 𝑅, 𝜉 𝑅 ∈ 𝑆𝑂 𝑛 , 𝜉 ∈ ℝ𝑛} 

* Homework 2 problem

𝑆𝐸 𝑛 = 𝑆𝑂 𝑛 ⋉ ℝ𝑛

𝑆𝐸 𝑛  is the configuration space of rigid 

body pose in n-dimensional space
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Homogeneous transformations

• Using concepts from projective geometry, we can represent 
𝑆𝐸 𝑛 = 𝑆𝑂 𝑛 ⋉ ℝ𝑛 using matrices in dimension 𝑛 + 1.

• The matrix 𝑯 ∈ 𝐻𝑀(𝑛 + 1) is called the homogeneous 
representation of 𝒉 = 𝑹, 𝝃 ∈ 𝑆𝐸(𝑛).



Homogeneous transformations

• The group and inverse operations of SE(n) given earlier can be 
represented now as:



Homogeneous transformations

• Similarly, the action of 𝑆𝐸 𝑛  on ℝ𝑛 is now identified by the action of 
𝐻𝑀(𝑛 + 1) on ℝ𝑛+1 

where 𝑉 ∈ ℝ𝑛+1 is called the homogeneous coordinates of 𝑣 ∈ ℝ𝑛



Summary

• We introduced different mathematical objects that describe the 
configuration of a rigid body.

Ψ1

Ψ2

Ψ3

• We will refer to the configuration space of a rigid body as SE(n).
• We will work with homogeneous matrices for calculations. 
• We will abusively refer to the space of homogeneous matrices 

as SE(n), and thus write H ∈ SE(n).

From now on:


	Slide 1: SCE 594: Special Topics in Intelligent Automation & Robotics
	Slide 2: Outline
	Slide 3: Outline
	Slide 4: Topic 2: Rigid Body Modeling
	Slide 5: Configuration space of a rigid body
	Slide 6: Configuration space of a rigid body
	Slide 7: Outline
	Slide 8: Coordinate-free description
	Slide 9: Ambient space
	Slide 10: Rigid Body
	Slide 11: Coordinate frame
	Slide 12: Coordinate frame
	Slide 13: Coordinate frame
	Slide 14: Relative Pose
	Slide 15: Relative Pose
	Slide 16: Nature of script phi sub h  
	Slide 17: Isometries on double-struck cap R to the n 
	Slide 18: Isometries on double-struck cap R to the n 
	Slide 19: Isometries on double-struck cap R to the n 
	Slide 20: Special Orthogonal Group
	Slide 21: Special Euclidean Group
	Slide 22: Special Euclidean Group
	Slide 23: Special Euclidean Group
	Slide 24: Outline
	Slide 25: Homogeneous transformations
	Slide 26: Homogeneous transformations
	Slide 27: Homogeneous transformations
	Slide 28: Summary

