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Recap: Exponential Coordinates of R.B. Motion

 Twist - R
VP =5"q,

 Homogeneous transformation - SE(3)
S-P»p

o
HP(g,) = €5 9cHP(0) or HP(q.) = HP(0)es:" 9

* Exponential map VP =8P,
exp: se(3) - SE(3) b

Sq - e




Recap: Modeling Ideal Joints

* Prismatic joints
x, 0
° (Scp — (ﬁ*,p) E ]:R6’

C
- 7,.7is the translation axis

° ¢, i1s the linear velocity along the screw axis

* Revolute joints
A*,p
* n
S = ., .]ERS
—Mn., AT

7’ is the rotation axis

° ¢. is the angular velocity around the screw axis

r is any point on the screw axis




Recap: Forward Kinematics

* The forward kinematics of a robot refers to the calculation of the
position and orientation of its end-effector frame given:
* The robot’s geometry (link lengths, joint types, etc.)
 The joint configurations q = (q4, ..., q,) € Q

FK:Q > W < SE(3)

NN
/

\

Joint/Configuration Workspace
Space (dim Q = n)




Recap: Product of Exponentials (PoE) Formula

* Thus, the forward kinematics usually has the spatial form

=0,0 =0,1 =0,n—1
Hg(q) — 651 qle‘sz qz ... eSnn CITng(O)

* This is called the product of exponentials formula.

* You need to provide:
 The end-effector pose H2(0) when the robot is at its
home configuration.
 The screw axes S7,83,++,8%7 1 corresponding to the joint

motions at home configuration, expressed in base {0} frame. >\
{e}

* The joint configurations gq.
A




Recap: Differential Kinematics

» The differential/velocity kinematics is the differential of this map
which is a mapping from ¢ € T,Q to Hg € T0SE(3).

« Geometrically, we can equivalently represent it as a map from g €
T,Q = R™ to the end effector’s twist 1, € R®

DK(q): R" > RS

G-V
Z AN
SN

Joint velocities End-effector Twist




Recap: Geometric Jacobian

* The spatial Jacobian ]S'O(q) € R®*™ relates the joint rates 8 € R™ to the spatial
end effector’s twist 17,"° € R® by

Ve =Jo(@)q
» The i-th column of J>°(q) is given for i € {2,---,n} by

]io((h:i—l) = Ad 50,0 <0,i—2

0,1
e®1 d1p92 QZ...e‘Si—1 dn-1 !

0,i—1
S.

with the 1st column J? = s/°.

3.
b &




Recap: Summary

* The above approach is highly systematic and can be easily programmable.

 The only inputs needed is the end-effector initial poses H?(0) and the constant

screw axes S,”' "' for joints in the home configuration.

0
He(0) H(q)
' Forward
0,i-1 & Differential 0 |
e 0 ,
o Kinematics Je (@) 1d ) (@)
” T A%HG (@) '
Practice problems in Homework 4 (Included in Midterm Exam)

MATLAB Implementation next Lecture (Used for Project Deliverables)
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* Links Geometric Jacobian




Recall: Pose of Link i

« To compute forward kinematics using PoE formula,
you need stationary frame {0} and a frame at the
end-effector {e} only.

* However, it is common to define a frame at every link.

* Typically, either at:
 Parent Joint
* Link’'s CoM

* The pose of link {i} can be computed by

=0,0 =0,1 =0,i—1
HY (qu) = e Te% %t 9iH{(0)

q1:i = (Ch; Y ql)

3
&



Link body twist

* [f we repeat same steps we took for deriving end-effector Jacobian
but for the i-th link, we reach that

VRO =20 L0t 4Pty

l

{é\b
&
Recall: V20 = 920 4 P21 4 ... 4 pOn-t




Link body twist

* [f we repeat same steps we took for deriving end-effector Jacobian
but for the i-th link, we reach that

v =120 vt 2 40

l

:

.
i

(.Ii+ll:n/

__ 70,0 ;
= J; (9)q
{é\
{0}
Recall: V)0 = v>° + )t + 4yt A

= (]{)' ]g(Ch), B’ ]io(ql:i—l)) 06><(n—i))




Link body twist

* We then can relate the body twist of the i-th link as
1,0 __ 0,0 .
Vit =Adyi Ji (@4
= J;°(q)

* We refer to ]i"'0 (q) € R®*™ as the geometric body
Jacobian of link i.




Kinetic Energy of Fixed-base Manipulators

* As an application of the above constructions, let us investigate how
the kinetic energy of an n-link fixed-base manipulator looks like.

. Recall that
Ekln — = 'n 1(]71,0) Il lvlo

H

. {0}
/773 Recall that T+ € R®*€ is the generalized Inertia of A
L=/ the body attached to {i} expressed in {x}




Kinetic Energy of Fixed-base Manipulators

* As an application of the above constructions, let us investigate how
the kinetic energy of an n-link fixed-base manipulator looks like.

. Recall that
Ekin — = n 1(Vl0) Il l’VlO
« With the definition of J°(q), we have that

. 1.0 T iiri,0 . 1.7 .
Exin =5 21147 (J°@) TU0(@) =24™M(q)q
where M(q) e R™ " s called the mass matrix:

| .
M@ =Y (1) T (@) /t\{o:
=1
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* Twist-Wrench Duality




Wrench-Twist Duality

 Relative Twist at Joint
VCC,p — ngpqc

* Link Body twist
v =] (@)q



Wrench-Twist Duality

 Relative Twist at Joint
VCC,p — ‘Sg,pqc
 Constraint Wrench at Joint
7. = (SE7) wee
 Power
T .
Wy©) VP = 1eqc

D

* Link Body twist
v =] (@)q



Wrench-Twist Duality

 Relative Twist at Joint
VCC,p — ‘Sg,pqc
 Constraint Wrench at Joint
7. = (SE7) wee
 Power
T .
Wy©) VP = 1eqc

* Link Body twist

v =] (@)q

 External Wrench at Link
i0 LISy

Text = (]l (CI)) Wegct

e Power

(W) Vi° = tla

ext

T
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« Parent-Child Dynamics




Parent-Child Dynamics

» Kinematics:
* Relative Pose:
HZ (qc) = e’c 9eHE (0)
* Relative Twist:
V:,p — qdc
« Parent-Child Twist Relation:
V=V + "




Parent-Child Dynamics

» Kinematics:
* Relative Pose:
HZ (qc) = e’c 9eHE (0)
* Relative Twist:
V:,p — qdc
« Parent-Child Twist Relation:
Vo =V + P
which can be rewritten as

Ve = AdH;S(qc)Vzg9 T+ 5




Parent-Child Dynamics

 Rigid Body Dynamics:
» Parent
YD, _ AT , : ,
Ip’pvgs — advg,s (i’ip pVIfs) + Wfp

« Child
c,c176S — T c,c17C,S C,C (p}
SZ VC advcc,s (SZ VC ) + Wp Free-body diagram
N\
wpc\4
D : : : {c}
W.'": Reaction wrench from the child on the parent, expressed in {*} ‘
{s}

W,“: Reaction wrench from the parent on the child, expressed in {*}



Parent-Child Dynamics

 Rigid Body Dynamics:
» Parent
PP = ad;g,s(zp'pvg's) + WPP

» Child
SZC’CVCC’S _ ad]T,Cc,s (SZC’CVCC’S) 4 Wpc’c {n}

Free-body diagram

 We have that
. PP _ _ApPC _ T C,C
Wem =W~ = AdHﬁ(qc)Wp

W,
(597 WEe = 7, Wi

\ (c}
Actuator Torque
{s} L,




Parent-Child Dynamic Model

p,p c,C
w. Wp
Parent — —
Dynamics V;'S Vcc's Dynamics

—_— —

izp'pvg's _ ad;p,s (zp,pvg,s) + WPP I l TP = ad;gcc,s (IVES) + Wpc.c
14 o
Tc dc

fVCC'S = AdHﬁ(qc)VI?,S + Sg'pqc )
- Joint Constraints: DZ(q,) = < wWPP = _AdITI,g(CIc)WPC,C

T
\ T, = (Scc'p) W;'C )

-~

* Relative pose: HP(q.) = HP(0)e5¢" 4c




" " This is called a set of
Pa re n t-C h I I d Dyn a m I C M Od e I Differential-Algebraic
Equations (DAEs).
Principle of Multi-body
software like Simulink

(Simscape), Gazebo
(Bullet, DART )

Parent

Dynamics PP Pos Dynamics
p c
P — {c}

zp'pvg,s — ad;g,s (zp,pvpp;s) + ch;p I l zc,c].]cc's = ad;l;él,s (,T,C,C]]CC,S) + WpC,C
Tc dc

fVCC'S = Ang(qc)VI?,S + Sg'pqc )
- Joint Constraints: DZ(q,) = < wWPP = —AdITJ,S(qc)WpC'C

-~

=)

* Relative pose: HP(q.) = HP(0)e5¢" 4c




Parent-Child Dynamic Model with external wrenches

Parent

Dynamics Dynamics PEs
c

{c} —_—

TV = ades(TV) + Wy + Wi
c

ext

fVCC'S = AdHﬁ(qc)VI?,S + Sg'pqc )
- Joint Constraints: DZ(q,) = < wWPP = _Adl-rlﬁ(CIc)WPC,C

T
\ T, = (Scc'p) W;'C )

-~

* Relative pose: HP(q.) = HP(0)e5¢" 4c




Example: Two-Link Manipulator DAE

* |[n the case of a 2-link manipulator, the DAEs will take the form:

0,0 1,1
W, W,
— —_—
0,s 1,s
0="V, v,
—> D —

TTe

« This is generalizable to an n-link multi-body system.



From DAEs to ODEs

* |[n the case of a 2-link manipulator, the DAEs will take the form:

W W
4— —>
0= V

* For manlpulators, we can eliminate the constraints wrenches to
represent the dynamics as a set of Ordinary Differential Equations
(ODEs) of the form.

Reduced Manipulator
Dynamics

qg=/(04q,qr1)




From DAEs to ODEs

* |[n the case of a 2-link manipulator, the DAEs will take the form:

WOO

— —
0=V 0.8

—»

* For manipulators, we can eliminate the Constraints wrenches to
represent the dynamics as a set of Ordinary Differential Equations
(ODEs) of the form.

Reduced Manipulator

Dynamics
q=1f(qqr17)
T4 I l d1 T, I l q, We will use the Recursive-
Newton-Euler Algorithm (RNEA)



Outline

* Reduced manipulator dynamics




Recursive Newton-Euler Algorithm

 RNEA applies Newton—Euler equations recursively along the
Kinematic tree in an approach involving a forward and backward pass.

* Forward pass:

- Compute link twists V;”* and link accelerations V;*
. AL
° Vils — AdHii_lvil_l S + Slll ql

¢ vii,S = AdHi vii__ll’s + %AdHi Vii—_11,S + Sii,i_lq.i

i—1 i—1

1,1 2,2
w° Wyt w, W,
+—— —— e _—
0,5 1,5 ~11,5 )
0=", V; v, p2s
—_— —— —_— +——

TTe T




Recursive Newton-Euler Algorithm

 RNEA applies Newton—Euler equations recursively along the
Kinematic tree in an approach involving a forward and backward pass.

» Backward pass:
« Compute constraint wrenches
° W'i'_il — (:zi,i']']il',s . ad;ii,o ((:Zi,ivil',S) + Ad;l'lii+1wii+1,i+1

l

* Project them onto joint subspaces to get torques

. . T ..
_ ,1—1 L1
1 = (Si ) Wiy
WOU wll sz‘




Recursive Newton-Euler Algorithm

 RNEA applies Newton—Euler equations recursively along the
Kinematic tree in an approach involving a forward and backward pass.

* We will now show how this recursive algorithm can be cast into a
linear set of equations that have a compact closed form expression.

1,1 2,2
w° wng W, W,
— _ — _
0,5 1,5 ~11,5 )
0 =", V V; Vs
—_— —— —_— +——
To ‘[ \ q,

JRt



Dynamic Equations in Closed Form

* First, let us rewrite the recursive equation

g s iicd.
*ViT = Ady Vint + ST g

compactly as
V=A@V + §q

with
»Vll,S
V=| : |eRe
vn,s
n
0 0o - 0 0
Adgzgy 0 00
A(q) = 0 Adysgy 0 0 | e ménxén S =

0 0 Adgp g O

Sn,n—l




Dynamic Equations in Closed Form

« Similarly, we can rewrite
[,i—1

V= Ady VT AdHll VI s

compactly as
cV=AQ@QV+AQV+ S

with
) ].711'5 q.l
v=[ : |eRe" g=| i |eR"
]‘7111,5 q.n




Dynamic Equations in Closed Form

« Similarly, we can rewrite
° Wll’_ll == zi,ivilys — ad’;lf-ii,o (Il,lvllis) _I_ Adl-l;l:l:+1wil+1,l+1
: T ..
7= (50D W
compactly as
* W =3V —ady TV + AT (W

cT=8"W
| ’ zl,l
with - 7
W = : € (]R6n)* :
Wn,n O
not = ]:R6Tl><6n

0

71 advll,s
T:(E)E(Rn)* ady = 5
Tn 0

. advn,s

> = IR6TLX6TL




Dynamic Equations in Closed Form

* In general, the recursive dynamics can be assembled into the
following set of matrix equations:

cV=AWQ@V+ Sq

. Vzﬂ(q)T?+ﬂ(q)V+ Sq
W=V —ad, TV +A ()W
e =8"W




Dynamic Equations in Closed Form

* In general, the recursive dynamics can be assembled into the
following set of matrix equations:

cV=A@V+ Sq
e V=A@V+AWQ@QV+ S§
W=V —ad, TV +A ()W
cT=8"W
* Equivalent to
I =A@V = §q
I —A@QIV =A@V + S §
s [I—A@QI"™W =3IV —ad}, IV
e =8"W




Dynamic Equations in Closed Form

* In general, the recursive dynamics can be assembled into the

following set of matrix equations:

cV=A@V+ Sq
e V=A@V+AWQ@QV+ S§
W=V —ad, TV +A ()W
cT=8"W
* Equivalent to
I =A@V = §q
I —A@QIV =A@V + S §
s [I—A@]™W =%V —ad}, IV
e =8"W

Let £L(gq) :== [I — A(g)]~* which has the closed form

expression:
I 0 e 0
Adle(q) I oo cee O
L(q): AdHf(q) AdH%(q) )i -0 ER6nx6n

Adyngy Adpp) Adpp 1




Dynamic Equations in Closed Form

* In general, the recursive dynamics can be assembled into the
following set of matrix equations:

cV=A@V+ Sq
e V=A@V+AWQ@QV+ S§
W=V —ad, TV +A ()W
cT=8"W

* Equivalent to
*V =L(q)S q
* V = LQOAQV + L(9)S
W =LT(Q)IV - LT (q)ad}, IV
cT=8"W




Dynamic Equations in Closed Form

 The compact equations
*V =L(q)$ g
* V =L(qAW@V + L(q)S §
W =LT(@)IV - LT (@)ad}, TV
cT=8"W
can be combined to get
cT=8S"LT(QIV-STLT(q)ad], TV

= STLU(QDI(L@OA@L@S G+ LS §) —STLT(g)ad],ys ¢ TLGS ¢




Dynamic Equations in Closed Form

 The compact equations
*V =L(q)$ g
* V =L(qAW@V + L(q)S §
W =LT(@)IV - LT (@)ad}, TV
cT=8"W
can be combined to get
cT=8S"LT(QIV-STLT(q)ad], TV

= STLT(OZT(L@OA@LQS ¢+ L(@)S §) = STLT(g)ad} ()5 4 TL@S ¢

Introduce J(q) = L(q)$




Dynamic Equations in Closed Form

 The compact equations
*V =L(q)$ g
* V =L(qAW@V + L(q)S §
W =LT(@)IV - LT (@)ad}, TV
cT=8"W
can be combined to get
cT=8S"LT(QIV-STLT(q)ad], TV

= I (OIL@AW@I(@q + I(@)d) — I (@)ad] s TI(@)d




Dynamic Equations in Closed Form

 The compact equations
*V =L(q)$ g
* V =L(@AQ)V + L(q)S §
W =LT(@)IV - LT (@)ad}, TV
cT=8"W
can be combined to get
cT=8S"LT(QIV-STLT(q)ad], TV
= I DIL@DA@DI(@q + T (i) — I (@adjge TI(@)G

=J"(@ITI(@{ + (JT(q)IL(q)a"l(q)J (@) — I (@ad gy TJ (q)) q




Dynamic Equations in Closed Form

 The compact equations
*V =L(q)$ g
* V =L(qAW@V + L(q)S §
W =LT(@)IV - LT (@)ad}, TV
cT=8"W
can be combined to get
cT=8S"LT(QIV-STLT(q)ad], TV
= I (DT(L@DA@DI(@q + I(@id) — I (@adjy; TI(@)g

= 7T (@03 + (T @DIL@A@IG) — I (@ad] g, TI@)

N —

=:M(q) =:C(q,4)




Reduced n-link manipulator dynamics

 Finally, we reach the form

T=M(q)§+C(q,9)q

M(q) = JT(@)TJ(q) € R™"
C(q,q) = I (@QITLDAQI (@) — I (Qadygq TI(q) € R

— , [k
1 J

g7 |4

— M (@) —C(q,99)

Reduced Dynamics
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