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State Space Model

* A nonlinear dynamic system can be represented by a set of
nonlinear ordinary differential equations (ODESs) in the form

x=flx)+gx)u
y = h(x)
which is called the state space model of the dynamic system.

* We denote by the
» State space X 3 x
» Control space U 3 u
e Output space Y 3y




State Space Model

* A nonlinear dynamic system can be represented by a set of
nonlinear ordinary differential equations (ODESs) in the form

x=flx)+gx)u
y = h(x)
which is called the state space model of the dynamic system.

* The function f(x) is called the drift term, which describes how the
system evolves when no control is applied (i.e., natural behavior of
the system).



State Space Model

* A nonlinear dynamic system can be represented by a set of
nonlinear ordinary differential equations (ODESs) in the form

x=f(x)+gl)u
y = h(x)
which is called the state space model of the dynamic system.

* The function g(x) is called the input mapping, which describes how
the control affects the state evolution.




State Space Model

* A nonlinear dynamic system can be represented by a set of
nonlinear ordinary differential equations (ODESs) in the form

x=flx)+gx)u
y = h(x)
which is called the state space model of the dynamic system.

* The function h(x) is called the output mapping, which describes
which part of the internal state is available as an output that you
measure or observe.



State Space Model

* A nonlinear dynamic system can be represented by a set of
nonlinear ordinary differential equations (ODESs) in the form

x=fl)+gk)u

y = h(x)
which is called the state space model of the dynamic system.

Special case: Linear time-invariant systems
x =Ax + Bu
y=0Cx

X =R™U=RP,Y =R



Control Objectives

* The control input is designed in general as a function of the output
u = f(y) to achieve:
« Regulation/Stabilization x(t) > x; ast - o
 Tracking x(t) = x4(t), x(t) = x4(t) ast - oo
* Interaction




Control Objectives

* The control input is designed in general as a function of the output
u = f(y) to achieve:
« Regulation/Stabilization x(t) > x; ast - o
 Tracking x(t) = x4(t), x(t) = x4(t) ast - oo
* Interaction

* The design of the control system is based on analyzing the stability
of the closed-loop system:
x = fa(x)

where f4(x) = f(x) + g(x) - B(h(x))
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« State Space Models of Mechanical Systems
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Geometric Nature of x(t) = f(x(t))

* Euclidean case X = R™:
 x; ER"
 x; €ER"
 f:R" - R"




Geometric Nature of x(t) = f(x(t))

* Non-Euclidean case:
* Xt e X Flow on a 2D Manifold: Animation
« X € T, X
s fixt €EX »x €ET,X

The map f creates a vector field o € I'(TX) on the state
space manifold of: X — TX defined by:
or(x) = (x, f (x)) e TX, with f(x) € T,X




Geometric Nature of x(t) = f(x(t))

 Non-Euclidean case:
* xt EX
« X, € T, X
s fix; EX P x ET,X

Flow on a 2D Manifold: Animation

Integral Curves

The solution of the dynamical system x(t) is given by the While f(x) represents the velocity of a particle at
every point, the integral curve represents the

integral curves of o. . . . . .
trajectory of a particle moving along this velocity field.




Geometric Nature of x(t) = f(x(t))

* Non-Euclidean case:
* Xt e X Flow on a 2D Manifold: Animation
« X € T, X
s fixt €EX »x €ET,X

Stability analysis

By analyzing properties of f or g;, we can infer how the

system’s state x(t) will evolve with time, without explicitly
computing the solution as a function of time.




Equilibrium Points

* Given gr € I'(TX), a point x, € X in the state space is called an
equilibrium point for of if and only if

fx.)=0

* Intuitively, an equilibrium point is a state x, at which the system
state remains for all time, once it reaches it.

 Equilibrium points are also referred to as “fixed points” or “critical
points” of the system x(t) = f(x(t)).




Stability of Equilibrium Points

* An equilibrium point x, of o is said to be:

Stable

Unstable

Locally asymptotically
stable

Globally asymptotically
stable

If integral curves of o stay “close” to x,

If it is not stable

If it is stable and integral curves of o
converge to x, only within aregion U c X

If it is stable and integral curves of o
converge to x, forall x € X

Stable x Unstable x, Locally asym. stable x
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« Case study: Pendulum




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by

X *2
()= (2 2r, Sy =/

mlL?2

where x; = 6,x, = 6.




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by

X *2
()= (2 2r, Sy =/

mL?
where x; = 0,x, = 6.

* To find the equilibrium points x,, we set f(x) = 0:
x, =0 —#xz —%sinxl = 0,




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by

X *2
()= (2 2r, Sy =/

. mlL2
where x; = 0,x, = 6.
* To find the equilibrium points x,, we set f(x) = 0, which simplifies to
x, =0, sinx; =0

« Solving for x; € R, we get:
sinx; =0 = x;=knm, k €Z




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by
X2

(2) B <—Lx2 — gsinxl) =:f(x)

. mlL2 L
where x; = 0,x, = 6.
* To find the equilibrium points x,, we set f(x) = 0, which simplifies to
x, =0, sinx; =0

« Solving for x; € R, we get:
sinx; =0 = x;=knm, k €Z

« However, recall that x;, = 8 € (—m, ] = S, thus the system
has only two equilibrium points

x,. = (0,0) x, = (m,0)

Downward position Upward position




MATLAB Code
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Initial Angle (rad):

Initial Velocity (rad/s):
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Damping Coefficient:

Simulation Time (s):




Equilibrium points of pendulum

* |[n summary, the state space model

X4 X2
]~ —Lx — gsinx
X2 mI2"% [ 1

has an asymptotically stable equilibrium at x, = (0,0) and an
unstable equilibrium at x, = (1, 0).

x, = (0,0) x, = (m,0)
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