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State Space Model

• A nonlinear dynamic system can be represented by a set of 
nonlinear ordinary differential equations (ODEs) in the form

ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑢

𝑦 = ℎ 𝑥

which is called the state space model of the dynamic system.

• We denote by the
• State space 𝒳 ∋ 𝑥

• Control space 𝒰 ∋ 𝑢

• Output space 𝒴 ∋ 𝑦



State Space Model

• A nonlinear dynamic system can be represented by a set of 
nonlinear ordinary differential equations (ODEs) in the form

ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑢

𝑦 = ℎ 𝑥

which is called the state space model of the dynamic system.

• The function 𝑓 𝑥 is called the drift term, which describes how the 
system evolves when no control is applied (i.e., natural behavior of 
the system).
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the control affects the state evolution.



State Space Model

• A nonlinear dynamic system can be represented by a set of 
nonlinear ordinary differential equations (ODEs) in the form

ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑢

𝑦 = ℎ 𝑥

which is called the state space model of the dynamic system.

• The function ℎ(𝑥) is called the output mapping, which describes 
which part of the internal state is available as an output that you 
measure or observe.



State Space Model

• A nonlinear dynamic system can be represented by a set of 
nonlinear ordinary differential equations (ODEs) in the form

ሶ𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑢

𝑦 = ℎ 𝑥

which is called the state space model of the dynamic system.

Special case: Linear time-invariant systems

ሶ𝑥 = 𝐴𝑥 + 𝐵𝑢 
𝑦 = 𝐶 𝑥 

𝒳 = ℝ𝑚, 𝒰 = ℝ𝑝, 𝒴 = ℝ𝑞



Control Objectives

• The control input is designed in general as a function of the output 
𝑢 = 𝛽 𝑦  to achieve:

• Regulation/Stabilization  𝑥 𝑡 → 𝑥𝑑  as 𝑡 → ∞

• Tracking    𝑥 𝑡 → 𝑥𝑑(𝑡), ሶ𝑥 𝑡 → ሶ𝑥𝑑(𝑡)  as 𝑡 → ∞

• Interaction



Control Objectives

• The control input is designed in general as a function of the output 
𝑢 = 𝛽 𝑦  to achieve:

• Regulation/Stabilization  𝑥 𝑡 → 𝑥𝑑  as 𝑡 → ∞

• Tracking    𝑥 𝑡 → 𝑥𝑑(𝑡), ሶ𝑥 𝑡 → ሶ𝑥𝑑(𝑡)  as 𝑡 → ∞

• Interaction

• The design of the control system is based on analyzing the stability 
of the closed-loop system:

ሶ𝑥 = 𝑓cl 𝑥

where 𝑓cl 𝑥 ≔ 𝑓 𝑥 + 𝑔 𝑥 ⋅ 𝛽 ℎ 𝑥  
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Geometric Nature of ሶ𝑥(𝑡) =  𝑓 𝑥(𝑡)

• Euclidean case 𝒳 = ℝ𝒏:
• 𝑥𝑡 ∈ ℝ𝒏

• ሶ𝑥𝑡 ∈ ℝ𝒏

• 𝑓: ℝ𝒏 → ℝ𝒏



Geometric Nature of ሶ𝑥(𝑡) =  𝑓 𝑥(𝑡)

• Non-Euclidean case:
• 𝑥𝑡 ∈ 𝒳

• ሶ𝑥𝑡 ∈ 𝑇𝒙𝒳

• 𝑓: 𝑥𝑡 ∈ 𝒳 ↦ ሶ𝑥𝑡 ∈ 𝑇𝒙𝒳

The map 𝑓 creates a vector field 𝜎𝑓 ∈ Γ(𝑇𝒳) on the state 

space manifold 𝜎𝑓: 𝒳 → 𝑇𝒳 defined by:

𝜎𝑓 𝑥 ≔ 𝑥, 𝑓 𝑥 ∈ 𝑇𝒳, with 𝑓 𝑥 ∈ 𝑇𝒙𝒳



Geometric Nature of ሶ𝑥(𝑡) =  𝑓 𝑥(𝑡)

• Non-Euclidean case:
• 𝑥𝑡 ∈ 𝒳

• ሶ𝑥𝑡 ∈ 𝑇𝒙𝒳

• 𝑓: 𝑥𝑡 ∈ 𝒳 ↦ ሶ𝑥𝑡 ∈ 𝑇𝒙𝒳

The solution of the dynamical system 𝑥(𝑡) is given by the 

integral curves of 𝜎𝑓.

Integral Curves

While 𝑓 𝑥  represents the velocity of a particle at 

every point, the integral curve represents the 

trajectory of a particle moving along this velocity field.



Geometric Nature of ሶ𝑥(𝑡) =  𝑓 𝑥(𝑡)

• Non-Euclidean case:
• 𝑥𝑡 ∈ 𝒳

• ሶ𝑥𝑡 ∈ 𝑇𝒙𝒳

• 𝑓: 𝑥𝑡 ∈ 𝒳 ↦ ሶ𝑥𝑡 ∈ 𝑇𝒙𝒳

By analyzing properties of 𝑓 or 𝜎𝑓, we can infer how the 

system’s state 𝑥(𝑡) will evolve with time, without explicitly 

computing the solution as a function of time.

Stability analysis



Equilibrium Points

• Given 𝜎𝑓 ∈ Γ(𝑇𝒳), a point 𝑥∗ ∈ 𝒳 in the state space is called an 
equilibrium point for 𝜎𝑓 if and only if

𝑓 𝑥∗ = 0 

• Intuitively, an equilibrium point is a state 𝑥∗ at which the system 
state remains for all time, once it reaches it.

• Equilibrium points are also referred to as “fixed points” or “critical 
points” of the system ሶ𝑥(𝑡) =  𝑓 𝑥(𝑡) .



Stability of Equilibrium Points

• An equilibrium point 𝑥∗ of 𝜎𝑓 is said to be:

• Stable If integral curves of 𝜎𝑓 stay “close” to 𝑥∗ 

• Unstable If it is not stable

• Locally asymptotically 

stable

If it is stable and integral curves of 𝜎𝑓 

converge to 𝑥∗ only within a region U ⊂ 𝒳 

• Globally asymptotically 

stable

If it is stable and integral curves of 𝜎𝑓 

converge to 𝑥∗ for all 𝑥 ∈ 𝒳

Stable 𝑥0 Unstable 𝑥0 Locally asym. stable 𝑥0



Outline

• State Space Models

• State Space Models of Mechanical Systems

• Equilibrium points and Stability notions

• Case study: Pendulum



Equilibrium points of pendulum

• Consider the state-space model of the pendulum given by

ሶ𝑥1

ሶ𝑥2
=

𝑥2

−
𝑏

𝑚𝐿2 𝑥2  −
𝑔

𝐿
sin 𝑥1

=: 𝑓(𝑥) 

where 𝑥1 = 𝜃, 𝑥2 = ሶ𝜃.

ሶ𝜃
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• Consider the state-space model of the pendulum given by
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• To find the equilibrium points 𝑥∗, we set 𝑓 𝑥 = 0, which simplifies to 
𝑥2 = 0 ,  sin 𝑥1 = 0 

• Solving for 𝑥1 ∈ ℝ​, we get:
sin 𝑥1 = 0 ⇒  𝑥1 = 𝑘𝜋, 𝑘 ∈ ℤ
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Equilibrium points of pendulum

• Consider the state-space model of the pendulum given by

ሶ𝑥1

ሶ𝑥2
=

𝑥2

−
𝑏

𝑚𝐿2 𝑥2  −
𝑔

𝐿
sin 𝑥1

=: 𝑓(𝑥) 

where 𝑥1 = 𝜃, 𝑥2 = ሶ𝜃.

• To find the equilibrium points 𝑥∗, we set 𝑓 𝑥 = 0, which simplifies to 
𝑥2 = 0 ,  sin 𝑥1 = 0 

• Solving for 𝑥1 ∈ ℝ​, we get:
sin 𝑥1 = 0 ⇒  𝑥1 = 𝑘𝜋, 𝑘 ∈ ℤ

• However, recall that 𝑥1 = 𝜃 ∈ −𝜋, 𝜋 ≅ 𝕊1, thus the system

   has only two equilibrium points

ሶ𝜃
Downward position Upward position

𝑥∗ = 0,0 𝑥∗ = 𝜋, 0



MATLAB Code



Equilibrium points of pendulum

• In summary, the state space model

ሶ𝑥1

ሶ𝑥2
=

𝑥2

−
𝑏

𝑚𝐿2 𝑥2  −
𝑔

𝐿
sin 𝑥1

 

has an asymptotically stable equilibrium at 𝑥∗ = 0,0  and an 

unstable equilibrium at 𝑥∗ = 𝜋, 0 .

𝑥∗ = 𝜋, 0𝑥∗ = 0,0


	Slide 1: SCE 594: Special Topics in Intelligent Automation & Robotics
	Slide 2: Outline
	Slide 3: Outline
	Slide 4: State Space Model
	Slide 5: State Space Model
	Slide 6: State Space Model
	Slide 7: State Space Model
	Slide 8: State Space Model
	Slide 9: Control Objectives
	Slide 10: Control Objectives
	Slide 11: Outline
	Slide 12: Outline
	Slide 13: Geometric Nature of x dot open paren t close paren equals , f open paren x open paren t close paren , close paren 
	Slide 14: Geometric Nature of x dot open paren t close paren equals , f open paren x open paren t close paren , close paren 
	Slide 15: Geometric Nature of x dot open paren t close paren equals , f open paren x open paren t close paren , close paren 
	Slide 16: Geometric Nature of x dot open paren t close paren equals , f open paren x open paren t close paren , close paren 
	Slide 17: Equilibrium Points
	Slide 18: Stability of Equilibrium Points
	Slide 19: Outline
	Slide 20: Equilibrium points of pendulum
	Slide 21: Equilibrium points of pendulum
	Slide 22: Equilibrium points of pendulum
	Slide 23: Equilibrium points of pendulum
	Slide 24: MATLAB Code
	Slide 25: Equilibrium points of pendulum

