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Recap: State Space Model

* A nonlinear dynamic system can be represented by a set of
nonlinear differential equations in the form

x=flx)+gx)u
y = h(x)
which is called the state space model of the dynamic system.

* We denote by the

» State space X 3 x
» Control space U 3 u
e Output space Y 3y

Special case: Linear
time-invariant systems

x = Ax + Bu
y=Cx




Recap: Control Objectives

* The control input is designed in general as a function of the output
u = f(y) to achieve:
« Regulation/Stabilization x(t) > x; ast - o
 Tracking x(t) = x4(t), x(t) = x4(t) ast - oo
* Interaction

* The design of the control system is based on analyzing the stability
of the closed-loop system:
x = fa(x)

where f4(x) = f(x) + g(x) - B(h(x))




Recap: State Space Models — Mechanical Systems

System State x State Space X
Mass-Spring-Damper (&) RxR=TR
Simple pendulum (0,0) (-] X R=TS
n-link Manipulator (q,q) TQ
Satellite (R,w) SO0(3) x R3 =TS0(3)
Multirotor Aerial Vehicle (H,V) SE(3) x R® = TSE(3)

For mechanical systems in general, x = (g, q) € TQ, where
q € Q represents a configuration variable of the mechanical
system and ¢ € T,Q denotes a velocity-like variable.




Recap: Geometric Nature of x(t) = f(x(t))

* Euclidean case X = R™:
 x; ER"
 x; €ER"
 f:R" - R"

* Non-Euclidean case:
*x €EX
e X, € T, X
s fix; EX > x ET,X

Flow on a 2D Manifold: Animation

Integral Curves

The solution of the dynamical system x(t) is given by the While f(x) represents the velocity of a particle at

integral curves of of. every point, the int.egral curve represepts the o
trajectory of a particle moving along this velocity field.




Recap: Equilibrium Points

* Given gr € I'(TX), a point x, € X in the state space is called an
equilibrium point for of if and only if
f(x.)=0

* Intuitively, an equilibrium point is a state x, at which the system
state remains for all time, once it reaches it.




Recap: Stability of Equilibrium Points

* An equilibrium point x, of o is said to be:

Stable

Unstable

Locally asymptotically
stable

Globally asymptotically
stable

If integral curves of o stay “close” to x,

If it is not stable

If it is stable and integral curves of o
converge to x, only within aregion U c X

If it is stable and integral curves of o
converge to x, forall x € X

Stable x Unstable x, Locally asym. stable x
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» Case study: Pendulum




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by

X *2
()= (2 2r, Sy =/

mlL?2

where x; = 6,x, = 6.




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by

X *2
()= (2 2r, Sy =/

mL?
where x; = 0,x, = 6.

* To find the equilibrium points x,, we set f(x) = 0:
x, =0 —#xz —%sinxl = 0,




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by

X *2
()= (2 2r, Sy =/

. mlL2
where x; = 0,x, = 6.
* To find the equilibrium points x,, we set f(x) = 0, which simplifies to
x, =0, sinx; =0

« Solving for x; € R, we get:
sinx; =0 = x;=knm, k €Z




Equilibrium points of pendulum

» Consider the state-space model of the pendulum given by
X2

(2) B <—Lx2 — gsinxl) =:f(x)

. mlL2 L
where x; = 0,x, = 6.
* To find the equilibrium points x,, we set f(x) = 0, which simplifies to
x, =0, sinx; =0

« Solving for x; € R, we get:
sinx; =0 = x;=knm, k €Z

« However, recall that x;, = 8 € (—m, ] = S, thus the system
has only two equilibrium points

x,. = (0,0) x, = (m,0)

Downward position Upward position




MATLAB Code
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Equilibrium points of pendulum

* |[n summary, the state space model

X4 X2
]~ —Lx — gsinx
X2 mI2"% [ 1

has an asymptotically stable equilibrium at x, = (0,0) and an
unstable equilibrium at x, = (1, 0).

x, = (0,0) x, = (m,0)
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 Lyapunov stability analysis




Lyapunov stability

* The most useful and general approach for studying the stability of
nonlinear dynamical systems is the theory introduced in the late 19%
century by the Russian mathematician Lyapunov.

 His work introduced two methods:

* Indirect Method: studies nonlinear local stability
around an equilibrium point x, from stability
properties of its linear approximation.

* Direct Method: not restricted to local motion.
Stability of nonlinear system is studied by proposing
a scalar “energy-like” function V: X — R for the
system and examining its time variation

Aleksandr Mikhailovich
Lyapunov (1857-1918) was a
Russian mathematician,
mechanic and physicist.
https://en.wikipedia.org/wiki/Aleksandr_Lyapuno



https://en.wikipedia.org/wiki/Aleksandr_Lyapunov

Read Only

Lyapunov's indirect method Seolomenary HW

» Consider the nonlinear system x = f(x) with equilibrium point x.,.
The linearization of this system around the equilibrium point x, is

given by:
z=Az
where z := x —x, € R" and A := J((x,) is the Jacobian of f(x)
evaluated at the equilibrium points.

o [ - o
Jr(x) = ’ ' " '

dfn.(x) B %.(x) %.(x)

0x4 0xn




Lyapunov’s indirect method Supplemontary HW

» Consider the nonlinear system x = f(x) with equilibrium point x.,.
The linearization of this system around the equilibrium point x, is
given by:

Z=Az

where z := x —x, € R" and A := J((x,) is the Jacobian of f(x)

evaluated at the equilibrium points.

 Stability Conditions:

Is there any A; with ~ x, is unstable for the
Re(1;) > 07? ~ nonlinear system.
Compute .
eig(A) = ?Al 1) J| s there any A; with . Lyapunov’s indirect
T ) nJs . — f? .. .
with 1, € C Re(4;) =0 % method is inconclusive
Do all 4; have . x.is locally asymptotically

Re(1;) < 07 stable for the nonlinear system.




Lyapunov's direct method

x = f(x)

A 4

Stable

x* is an Eq. point of
the system

\ 4

Asymptotically Stable

\ 4

Globally Asymptotically
Stable

Find a Lyapunov function
V' (x) such that :

Vix*) =0 } V(x)is
positive
V(x)>0

definite
V(ix) <0
\

Find a Lyapunov function
V' (x) such that:

V(ix*)= 0
V(ix) >0
V(x) <0

\

V(x) is negative
semi-definite

\

V(x) is negative
definite

Find a Lyapunov function
V' (x) such that :

Vix*) =0
V(x) >0
V(x) <0

V(x) > oas|lx —x*|| » o
\

V(x) is radially
unbounded
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e Positive definite functions




Positive Definite Functions

» Afunction V(x) is said to be positive definite it
« V(0) =0
e V(x)>0 VvVx #0

« Examples x € R:

V,(x) = x2 V,(x) = x2-0.13 x*




Positive Definite Functions

« Examples x € R :

e Vi(x) = x? e Vo(x) = x*-0.13 x*

* 11(0)=0 « V,(0)=0

e V;(x) >0 VvVx #0  V,(x) >0 (butnotVx # 0)

* Therefore V;(x) is » Therefore V,(x) is positive definite

positive definite globally only locally in the region |x| < 2.77.

V)
Vylx)




Positive Definite Functions

« Examples x € R?:
e Vi(x) = x2 + x2 ¢+ Vo(x) = xf + x5 — 0.13(xf + x3)




Positive Definite Functions (Formal Definition)

* Afunction y: X’ = R is locally positive definite about x, € X if:
P (x)=0

* There exists a neighborhood U c X that includes x, (i.e., x, € U) such that
Y(x) >0V x e U\{x.}

* 1 : X - Ris locally positive semi-definite if p(x) = 0V x € U\{x.}.
* 1 : X - Ris globally positive definite if p(x) > 0V x € X'\ {x.}.

*p: X - Ris locally (semi-)definite if is locally
positive (semi-)definite.



Local Minima and Critical Zeros

* In other words, x, is a strict local minimum of ¥ (x), and the function
increases in every direction away from x, within U.

« Recall the classic result of calculus:
* If y is differentiable, and x, is a local minimum, then the gradient must
vanish there i.e., J;,(x.) = 0.

* We call points x, € X a critical zero for the smooth function y: X —
Rif ¥ (x,) = 0and J,(x,) = 0.




Positive Definite Matrices

A real symmetric matrix A € R™**" is called a positive definite matrix if we
have that

x"Ax >0, VxeR"{0}.
« 4 € R™" js called a positive semi-definite matrix if xT A x > 0.
« A € R"" s called a negative definite matrix if x" 4 x < 0.
« A € R™" s called a negative semi-definite matrix if xT A x < 0.




Positive Definite Matrices

A real symmetric matrix A € R™**" is called a positive definite matrix if we
have that

x"Ax >0, VxeR"{0}.
« 4 € R™" js called a positive semi-definite matrix if xT A x > 0.
« A € R"" s called a negative definite matrix if x" 4 x < 0.
« A € R™" s called a negative semi-definite matrix if xT A x < 0.

» Key property:
« A > 0 is positive definite if and only if all its eigenvalues are positive.
* A = 0 is positive semi-definite if and only if all its eigenvalues are non-negative.
« A < 0 is negative definite if and only if all its eigenvalues are negative.
* A < 0 is negative definite if and only if all its eigenvalues are non-positive.



Using Taylor Expansion for Positive Definiteness

« Suppose you have a smooth scalar function V: R" - R , and you
want to check whether it's positive definite around x, € R".

* You can expand V(x) as a Taylor series of order 2:
VG = V) +Jy ) (=2 +5 (= x) THy () (x = x) + ..

where Hy (x,) € R™™" is called the Hessian matrix with the entry of

2
the ith row and the jth column is (Hy);; = ai_a: : R"™ - R.
10Aj




Using Taylor Expansion for Positive Definiteness

« Suppose you have a smooth scalar function V: R" - R , and you
want to check whether it's positive definite around x, € R".

* You can expand V(x) as a Taylor series of order 2:
VG = V) +Jy ) (= x) +5 (= x) "Hy () (x = x) + ..

where Hy (x,) € R™™" is called the Hessian matrix with the entry of

2
the ith row and the jth column is (Hy);; = ai_a: : R"™ - R.
10Aj

* However, since x, is a critical zero of V, the function is locally
approximated by

1
V() ~ 5 (e = %) THy () (x = x.)




Using Taylor Expansion for Positive Definiteness

1
V() ~ 5 (= x)THy () (x = )

» Therefore, we have that V(x) is a locally positive definite function if
and only if the Hessian Hy (x,) is a positive definite matrix, which
can be assessed from its eigenvalues.

 This result is a basic result from what is known as Morse theory.

Assignment 4

{% " Note: Positive definite Hessian gives a sufficient, not necessary, condition !
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