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Recap: Lyapunov’s Direct Method

x = f(x)

x* is an Eq. point of
the system
: Globally Asymptotically
Stable Asymptotically Stable Stable
Find a Lyapunov function Find a Lyapunov function Find a Lyapunov function
V(x) such that : V(x) such that: V(x) such that :
c V(x*) =0 e V(x*)=0 e V(x)=0
e V(x)>0 « V(x)>0 e V(x)>0
. V(x)SO\ « V(x)<0 « V(x)<0
\\ \\ * V(x) owas|x—x*|| > oo
\ \\
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Recap: La Salle’s Invariance Principle

* Let x, € X be an equilibrium point of the dynamical system
x(t) = f(x(®)).
Assume there exists a smooth Lyapunov function V: X — R such that in
some neighborhood O c X of x,, we have that
* V is positive definite
* V is negative semi-definite
e LetR:={x € Q|V(x) =0} c Qandlet M c R be the largest invariant set in it.

* If M contains only the equilibrium point (i.e., M = {x.}), then x, is
locally asymptotically stable with its domain of attraction defined by

Q ={xeQ|V(x)<l}cAq.



Recap: PD Control of Point Mass

* Point mass dynamics

. f __(V 0 . _ D
<p> = (O) + (13) u, with v =
« Control objective:

o Stabilization at (¢4,0)

 PD Control law:
* U= —Kp (f — gd) — Kdv, with Kp'Kd >0

* Closed loop dynamics
(0)= (o6 oo
P —K, (§ —$q) — Kgqv
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* Energy balancing formulation




Reformulating PD Control on R3

 Our starting point to develop a geometric PD controller is to express
the proportional term as the gradient of some potential function.

 For the PD controller
Uu=1u,t+tug =—K,es —Kgeg

we can view the proportional part as
u, = —V¥() = —K, e;

if we pick )
W) = 5 (& —&)TK,(E —¢&g)

which is a (global) positive definite function of & € R3.

Recall:
VT (eg) = d¥(eg)




Reformulating PD Control on R3

« Such interpretation allows us to perform Lyapunov analysis of the
closed loop system easily.

 We can choose
V(x) =¥() +H(p)
= %(E —&a) ' Kp(§ —8a) + ﬁpTP

Closed loop system

@ B (—V‘P(g) + ud)




Reformulating PD Control on R3

« Such interpretation allows us to perform Lyapunov analysis of the
closed loop system easily.

 We can choose
V(x) =¥() +H(p)
= %(E —&a) ' Kp(§ —8a) + ﬁpTP

* We have that V(x;) =V (&,,0) = 0, and its Hessian given by

Ky, O3x3
Hy(xg) = il >0,
3

03><3 m
Closed loop system

. * Therefore, V(x) is globally positive definite. (g) =( v )

—VW¥(¢) + uy




Reformulating PD Control on R3

 Lyapunov function

V(x) =¥() + H(p)

» The time derivative V (x) along trajectories of the closed loop
system can be written as

V(x) = (dV(x) | %)gs
= (AW (&) §)ps + (dHD)| P)gs
=ETVY(E) + VH (p) p
=vT VY + v [-V¥(E) +uy ]

= UTud

Closed loop system

@ B (—V‘P(g) + ud)




Reformulating PD Control on R3

 Lyapunov function
V(x) =¥() +H(p)
* If we choose u; = —K, v, we have that
Vix) =vTuy; =—-v"'K;,v<0

» Using La Salle’s invariance principle, it follows that x; = (¢4,0) is a
globally asymptotically stable equilibrium point of the closed loop
system.

Closed loop system

@ B (—V‘P(g) + ud)




Energy-balancing interpretation of PD Control on R3

 The PD controller
U=1u,+uy

can be interpreted as a sum of an energy-shaping term u,, and a

damping injection term u,.

* For a chosen locally positive definite function W(¢) designed such
that ¢; is @ minimum, one has that v, = —V¥(¢) which yields
Vix) =vTuy,.




Energy-balancing interpretation of PD Control on R3

* The PD controller
U=1u,+uy

can be interpreted as a sum of an energy-shaping term u,, and a

damping injection term u,.

* For a chosen locally positive definite function W(¢) designed such
that ¢; is @ minimum, one has that v, = —V¥(¢) which yields
Vix) =vTuy,.

» Choosing u,; = y(v) to inject damping such that V(x) < 0, one has
with La Salle’s invariance principle that x; = (¢4, 0) is locally
asymptotically stable.



Energy-balancing interpretation of PD Control on R3

* The PD controller
U=1u,+uy

can be interpreted as a sum of an energy-shaping term u,, and a

damping injection term ug,.

* For a chosen locally positive definite function W(¢) designed such
that ¢; is @ minimum, one has that u, = —V¥(¢) which yields
Vix) =vTuy.

» Choosing u; = y(v) to inject damping such that V(x) < 0, one has
with La Salle’s invariance principle that x; = (¢4, 0) is locally
asymptotically stable.

« If Y(&) has &, to be a global minimum, then x; = (&4, 0) is globally
= asymptotically stable.
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» Stabilization Control on SO (3)




Rigid Body Rotation Dynamics

* The equations of a rotating rigid body* with control torques t are:

*R=R®
cJow=—wAJw+T
=JwoAw+T

* Which can be reformulated using angular momentum p = Jw as

*R=R®
*p=pAw+T

* Example applications: satellite/MAV attitude control

R: orientation of {black} w.r.t. {blue}




Rigid Body Rotation Dynamics

* The equations of a rotating rigid body* with control torques t are:
*R=R®&
*p=pAw+T

* We can cast it into state space form*
- x = (R,p) € SO(3) X R3

(5)-(5)+ ()

with w =/ 1p
and ﬁR: RB — TRSO(S), w - ﬁR((,U) =R ®

75N [ C o —
(L [Minthe form:x = f(x) + g7




Stabilization Control on SO(3)

* We aim to design a Geometric PD controller
T=T,+t1Tq

such that x; = (R4, 0) is an asymptotically stable equilibrium point of
the closed loop system

(R)_( Br(w) )
p] \Pw+t,+714)°




Stabilization Control on SO(3)

* We aim to design a Geometric PD controller
T=T,+t1Tq

such that x; = (R4, 0) is an asymptotically stable equilibrium point of
the closed loop system

(R)_( Br(w) )
p] \Pw+t,+714)°

* The controller we seek is geometric in the sense that it respects the
underlying non-Euclidean structure of SO(3).
* 7, will be derived from the gradient of some positive definite potential
function W(R) on SO(3) with a minimum at R = R;.
* 74 Will be designed to inject damping.




Geometric structure of SO(3)

* The geometric nature of SO(3) will be reflected in
1. How to compute the error between R,R; € SO(3) ?
How to design W(R) to be positive definite ?
How to compute d¥W(R) € TRS0O(3) ?
How to convert d¥(R) to the proportional torque 7, € R3 ?
How to design the derivative torque 7; € R3 ?

o k~wbd

SO(3)

o @ Yr(t)

s0(3) =T;S0(3)



Stabilization Control on SO(3)

1. How to compute the error between R, R; € SO(3) ?
* Error between actual and desired

R, == R)R € SO(3)
* We have that
R,—>1asRk - R,

jrle

b}

d}

ldentity on SO(3) means zero error.

1Y [ p = ps _ ps _ pd
x4y |R=ER,, Ri=R; R, =R,




PD Control on SO (3)

2. How to design W(R) to be positive definite ?
* One choice for ¥:S0(3) - R is

1
Y(R) = > tr(I — R} R)
¢ LIJ(Rd) =0

BN 7 _—
SO(3)
TrSO(3) '

Yy -0

so(3) 7:= T;S0(3)



PD Control on SO (3)

2.

How to design W(R) to be positive definite ?
* One choice for ¥:S0(3) - R is

1
Y(R) = > tr(I — R} R)

c Y(Ry;) =0

* \We have shown before that it can be written as
Y(R) =1-—cos¥b

for some 0 € (—m, ).

* Therefore,
0<¥YR)<?2

Yr(t)

so(3) 7:= T;S0(3)

s0G)
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