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Recap: State Space Dynamics

• The governing equations of an 𝑛-link manipulator* with control 
torques 𝜏 are:

𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝐵 ሶ𝜃 ሶ𝜃 + 𝑔 𝜃 = 𝜏

where 𝜃 ∈ 𝑄 = 𝕊1 × ⋯ × 𝕊1 ≅ 𝕋𝑛.

• We can cast it into state space form
• 𝑥 = 𝑥1, 𝑥2 = 𝜃, ሶ𝜃 ∈ 𝑇𝑄

•
ሶ𝑥1

ሶ𝑥2
=

𝑥2

−𝑀−1 𝑥1 [𝑐 𝑥 + 𝑏 𝑥2 + 𝑔(𝑥1)]
+

0
𝑀−1 𝑥1

𝜏

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

𝑐 𝑥 ≔ 𝐶 𝑥1, 𝑥2 𝑥2 ∈ ℝ𝑛,  𝑏 𝑥2 ≔ 𝐵 𝑥2 𝑥2 ∈ ℝ𝑛,  𝑔(𝑥1) ∈ ℝ𝑛



Recap: Stabilization Control

• The control law

                         𝜏 = 𝜏𝑝 + 𝜏𝑑 

                            = −∇Ψ 𝑥1  − 𝐾𝑑𝑥2 =  𝑔(𝑥1) − 𝐾𝑝 𝑥1  − 𝜃𝑑 − 𝐾𝑑𝑥2 

makes the closed loop system
ሶ𝑥1

𝑀 𝑥1 ሶ𝑥2
=

𝑥2

−𝑐 𝑥  − 𝑏 𝑥2 − 𝐾𝑝 𝑥1  − 𝜃𝑑 − 𝐾𝑑𝑥2

have a globally asymptotically equilibrium point at 𝑥𝑑 = (𝜃𝑑 , 02).

Lyapunov function: 𝑉 𝑥1, 𝑥2 = 𝑉𝑂𝐿 𝑥1, 𝑥2 + Ψ 𝑥1

𝑉𝑂𝐿 𝑥1, 𝑥2 =
1

2
𝑥2

⊤𝑀 𝑥1 𝑥2 + 𝐸𝑝𝑜𝑡 𝑥1  ,  Ψ 𝑥1 =
1

2
𝑥1 − 𝜃𝑑

⊤𝐾𝑝 𝑥1  − 𝜃𝑑  − 𝐸𝑝𝑜𝑡 𝑥1  
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Paradigm Shift: Motion Control vs. Interaction Control

• Motion Control

• Main objective is to achieve 
stability and reject external 
disturbances to maximize 
performance.

• Interaction Control

• Main objective is to be able to 
interact with an unknown 
environment in a stable & 
safe manner.



Paradigm Shift: Motion Control vs. Interaction Control

• Motion Control

• Closed dynamical system.

• Stability analysis requires 
closed loop model.

• Interaction Control

• Open dynamical system.

• Unknown environment needs 
to be incorporated in closed 
loop stability analysis.



Paradigm Shift: Motion Control vs. Interaction Control

• Motion Control

• Based on unilateral signals.

e.g., control of position or 
velocity

• Interaction Control

• Based on bilateral signals

e.g., control of relation between 
velocity and force.



Interaction Control

• Controlling either the pose or wrench requires perfect knowledge of 
the task environment and when contact occurs or not, which is 
clearly not possible in practice.

• Instead, the behavior (relation between the wrench and pose) of the 
controlled robot could be modified independent of the environment.

Insertion of a cylindrical peg into a hole Turning a crank with an idle handle



Impedance Control

• The first one to address this issue in the field of robotics was Neville 
Hogan in his seminal trilogy.



Electrical Impedance and Admittance

• In electrical engineering, impedance (𝑍) is the total opposition a 
circuit offers to the flow of alternating current.

Ԧ𝑍 =
𝑉

Ԧ𝐼
= 𝑅 + 𝑗 𝑋 

• Admittance (𝑌) is the reciprocal of impedance and is a measure of 
how easily a circuit or device will allow a current to flow.

𝑌 =
Ԧ𝐼

𝑉
= 𝐺 + 𝑗 𝐵 

Phasors (frequency dependent):

𝑉 = 𝑉 𝑒𝑗(𝜔𝑡+𝜙𝑉),        Ԧ𝐼 = 𝐼 𝑒𝑗(𝜔𝑡+𝜙𝐼)



Mechanical Impedance and Admittance

• In mechanical engineering, impedance is a measure of how much a 
structure resists motion when subjected to a harmonic force.

Ԧ𝑍 =
Ԧ𝐹

𝑣
 

• Mechanical admittance is the reciprocal of impedance.

𝑌 =
𝑣

Ԧ𝐹
 



Impedance vs. Admittance

• Impedance

• 𝐹 𝑠 = 𝑍 𝑠 𝑋 𝑠  

• 𝑍 𝑠 = 𝑚 𝑠2 + 𝑏 𝑠 + 𝑘

• Motion input, Force output

• Admittance

• 𝑋 𝑠 = 𝑌 𝑠 𝐹 𝑠  

• 𝑌 𝑠 =
1

𝑚 𝑠2+𝑏 𝑠+𝑘 

• Force input, Motion output

𝑚 ሷ𝑥 + 𝑏 ሶ𝑥 + 𝑘 𝑥 = 𝐹(𝑡)



Impedance Control

• Neville Hogan's idea of impedance control is that instead of 
commanding exact positions or forces, the robot is controlled to 
behave like a mechanical impedance:

• It responds to external forces with a desired relationship between force, 
position, and velocity, like a spring-damper-mass system.

• The key is shaping the robot's dynamic behavior — its stiffness, 
damping, and inertia — to match the interaction task needs.
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Point Mass Dynamics

• To provide some intuition, let’s start in a simple Euclidean space ℝ𝑛.

• The governing equations of a point mass (with no gravity) are:

• ሶ𝜉 = 𝑣,  𝑚 ሶ𝑣 = 𝑓con + 𝑓int



Impedance Control of a Point Mass

• To provide some intuition, let’s start in a simple Euclidean space ℝ𝑛.

• The governing equations of a point mass (with no gravity) are:

• ሶ𝜉 = 𝑣,  𝑚 ሶ𝑣 = 𝑓con + 𝑓int

• The goal of impedance control is to implement the task-space 
behavior

• 𝑚 ሷ𝑞 + 𝐵 ሶ𝑞  + 𝐾𝑞 = 𝑓int ,               𝑞 ≔ 𝜉 − 𝜉𝑑 ,

𝐵

𝐾
𝜉𝑑



Impedance Control of a Point Mass

• To provide some intuition, let’s start in a simple Euclidean space ℝ𝑛.

• The governing equations of a point mass (with no gravity) are:

• ሶ𝜉 = 𝑣,  𝑚 ሶ𝑣 = 𝑓con + 𝑓int

• The goal of impedance control is to implement the task-space 
behavior

• 𝑚 ሷ𝑞 + 𝐵 ሶ𝑞  + 𝐾𝑞 = 𝑓int ,               𝑞 ≔ 𝜉 − 𝜉𝑑 ,

• The impedance control law then takes the form

𝐵

𝐾
𝜉𝑑

𝑓con = 𝑚 ሷ𝜉𝑑 − 𝐵 𝑣 − ሶ𝜉𝑑 − 𝐾 𝜉 − 𝜉𝑑  



Impedance Control of a Point Mass

• During static interaction ( ሷ𝑞 = ሶ𝑞 = 0), the impedance behavior then 
becomes 

𝑓int = 𝐾(𝜉 − 𝜉𝑑) 

• Therefore, 𝐾 plays the role of an active stiffness.

• The force applied to the environment depends on 𝐾 and the virtual 
setpoint 𝜉𝑑.

During Interaction

𝜉𝑑

𝐵

𝐾
𝜉𝑑

Before Interaction

Motion input, 

Force Output !



Impedance Control vs. PD Control

Aspect PD Control Impedance Control

Primary goal
Track a desired position (no 

interaction considered)

Shape the dynamic interaction (force vs 

motion)

External forces Seen as disturbances to reject Part of the behavior to regulate

If environment pushes
Robot tries hard to return to position 

(may push back aggressively)

Robot "complies" according to set 

stiffness/damping

Output behavior
Stiff behavior unless you manually 

tune gains

Adjustable compliance via virtual mass-

spring-damper model

𝑓imp = 𝑚 ሷ𝜉𝑑 − 𝐵 𝑣 − ሶ𝜉𝑑 − 𝐾 𝜉 − 𝜉𝑑  𝑓pd = −𝐵 𝑣 − 𝐾 𝜉 − 𝜉𝑑  



Outline

• Recap last lecture

• From Motion Control to Impedance Control

• Impedance Control of a Point Mass

• Impedance Control of a 𝑛-link manipulator
• Task Space Dynamics



Impedance Control of 𝑛-link Manipulator

• Now we consider the impedance control problem of a 𝑛-link 

manipulator governed by

𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝐵 ሶ𝜃 ሶ𝜃 + 𝑔 𝜃 = 𝜏con + 𝜏int 

• where 𝜏con ∈ ℝ𝑛 are joint control torques and 𝜏int ∈ ℝ𝑛 are torques 

due to interaction with the environment.
{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

{𝑒}



Impedance Control of 𝑛-link Manipulator

• Now we consider the impedance control problem of a 𝑛-link 

manipulator governed by

𝑀 𝜃 ሷ𝜃 + 𝐶 𝜃, ሶ𝜃 ሶ𝜃 + 𝐵 ሶ𝜃 ሶ𝜃 + 𝑔 𝜃 = 𝜏con + 𝜏int 

• where 𝜏con ∈ ℝ𝑛 are joint control torques and 𝜏int ∈ ℝ𝑛 are torques 

due to interaction with the environment.

• Recall that:
{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

{𝑒}

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲int
𝑒,𝑒𝜏int

where 𝐽 𝜃  is the geometric Jacobian.



Geometric Jacobian Revisited

• The geometric Jacobian is a matrix that linearly maps the joint 
velocities to the end-effector’s twist

𝒱𝑒
𝑒,0 =

𝜔𝑒
𝑒,0

𝑣𝑒
𝑒,0 = 𝐽 𝜃 ሶ𝜃 

• It provides an instantaneous kinematic relation between the joint 
space and the task space.

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲int
𝑒,𝑒𝜏int



Geometric Jacobian Revisited

• The geometric Jacobian is a matrix that linearly maps the joint 
velocities to the end-effector’s twist

𝒱𝑒
𝑒,0 =

𝜔𝑒
𝑒,0

𝑣𝑒
𝑒,0 = 𝐽 𝜃 ሶ𝜃 

• It provides an instantaneous kinematic relation between the joint 
space and the task space.

• Each column of 𝐽 𝜃  is a joint screw axis represented in {𝑒} frame.

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲int
𝑒,𝑒𝜏int

𝐽 𝜃 ∈ ℝ6×𝑛

𝐽 𝜃 ≔ 𝐴𝑑𝐻0
𝑒(𝜃)𝒮1

0,0 , 𝐴𝑑𝐻1
𝑒(𝜃)𝒮2

1,1, ⋯ , 𝐴𝑑𝐻𝑛−1
𝑒 (𝜃)𝒮𝑛

𝑛−1,𝑛−1



Geometric Jacobian Revisited

• The dual (or simply transpose) of the geometric Jacobian linearly 

maps any wrench at the end effector to joint torques

𝜏int = 𝐽⊤ 𝜃  𝒲int
𝑒,𝑒 = 𝐽⊤ 𝜃

𝜏int
𝑒,𝑒

𝑓int
𝑒,𝑒

• Essential to utilize in interaction control, human-robot collaboration, 

and teleoperation.

• Analyzing properties of this matrix is essential for identifying 

kinematic singularities of the robot.

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲int
𝑒,𝑒𝜏int

𝐽⊤ 𝜃 ∈ ℝ𝑛×6



Example: 2-Link Manipulator

• Recall our two-link manipulator example.

• The geometric Jacobian takes the form

𝐽 𝜃 =

0 0
0 0
1 1

𝑗1(𝜃) 0
𝑗2(𝜃) 𝑙2

0 0

 

where 𝑗1, 𝑗2 are scalar functions of 𝜃.

{0}

{1}

𝑆1
0 ሶ𝜃1

{2}𝑆2
1 ሶ𝜃2

{𝑒}

𝐽 𝜃 ≔ 𝐴𝑑𝐻0
𝑒(𝜃)𝒮1

0,0 , 𝐴𝑑𝐻1
𝑒(𝜃)𝒮2

1,1 ∈ ℝ6×2

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃

𝜔𝑒
𝑒,0

𝑣𝑒
𝑒,0

𝜏int
𝑒,𝑒

𝑓int
𝑒,𝑒

𝜏int



Manipulator Dynamics in the Task Space

• If we do not apply any actuator torques (𝜏con =  0), the dynamics in 
the joint-space are given by

𝑀 𝜃 ሷ𝜃 + 𝑐 𝜃, ሶ𝜃 + 𝑏 ሶ𝜃 + 𝑔 𝜃 = 𝐽⊤ 𝜃  𝒲int
𝑒,𝑒

 

• An interesting question is what does the dynamics “feel like” seen 
from the robot’s end-effector perspective?

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲int
𝑒,𝑒𝜏int

Joint-

space 

Dynamics



Manipulator Dynamics in the Task Space

• If we do not apply any actuator torques (𝜏con =  0), the dynamics in 
the joint-space are given by

𝑀 𝜃 ሷ𝜃 + 𝑐 𝜃, ሶ𝜃 + 𝑏 ሶ𝜃 + 𝑔 𝜃 = 𝐽⊤ 𝜃  𝒲int
𝑒,𝑒

 

• An interesting question is what does the dynamics “feel like” seen 
from the robot’s end-effector perspective?

• In other words, someone is pushing/pulling the robot’s end-effector, 
will feel the dynamics in the task-space given by*

Λ 𝜃 ሶ𝒱𝑒
𝑒,0 + 𝜂 𝜃, 𝒱𝑒

𝑒,0 𝒱𝑒
𝑒,0 + 𝛾 𝜃 = 𝒲int

𝑒,𝑒
 

𝐽(𝜃)

𝐽⊤(𝜃)

ሶ𝜃 𝒱𝑒
𝑒,0

𝒲int
𝑒,𝑒𝜏int

Joint-

space 

Dynamics
*Homework Problem



Manipulator Dynamics in the Task Space

• Therefore, a human interacting with an-unactuated robot arm* will 
experience the behavior given by

ถΛ 𝜃 ሶ𝒱𝑒
𝑒,0 + 𝜂 𝜃, 𝒱𝑒

𝑒,0 𝒱𝑒
𝑒,0 + ถ𝛾 𝜃 = 𝒲int

𝑒,𝑒
 

* This is only possible in so called back-drivable robots  

Apparent 

inertia

Apparent 

nonlinear friction

Apparent 

gravitational forces

{𝑒}

{0}
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