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MINI-COURSE: GEOMETRIC PORT-HAMILTONIAN MODELING
AND CONTROL OF A FLYING END-EFFECTOR

« Research Question:

How to design a control algorithm that can enable a fully-actuated multirotor-aerial-
vehicle (i.e., a flying end-effector) to physically interact with an unknown environment
in a stable and safe manner.

Lecture 1: Oct. 16, 10:00-11:30 am — Foundations: From Aerial Interaction to Geometric Impedance on SE(3)
Lecture 2: Oct. 19, 10:00-11:30 am — Wrench Regulation via Variable Stiffness (and Why It Breaks Passivity)
Lecture 3: Oct. 21, 10:00-11:30 am — Energy-Aware Control: Tanks, Routing, and Safety in Contact-Loss

~1-2 hour Study Material before every lecture.




MINI-COURSE: GEOMETRIC PORT-HAMILTONIAN MODELING
AND CONTROL OF A FLYING END-EFFECTOR

«  What you’ll be exposed to Today:
» How to model a fully-actuated MAV?
e Whatis the Geometric Port-Hamiltonian framework ?

» How to represent rigid body dynamics in this framework ?
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FLYING END-EFFECTOR

«  We consider the flying end-effector to be a fully-actuated
MAV consisting of a single rigid body that is connected to 6
tilted propellers via revolute joints activated by electric
motors.

* For control purposes, it is common to neglect any dynamics
of the MAV's propellers and consider the whole MAV as a
single rigid body.

 This is a valid assumption because they change at a faster
time scale compared to the dynamics of the MAV'’s body.
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FLYING END-EFFECTOR MODEL

We denote by

* Y, -Inertial reference frame

« Y5 - Body-fixed reference frame attached to center-of-mass
« W - Body-fixed reference frame attached to tip (end-effector)

Configuration of a Rigid Body
« &L e R3 - Position of the origin of W5 w.r.t. ¥,
« R} € SO(3)- Orientation of Wg w.rt. ¥,

Velocity of a Rigid Body
« v € R3- Linear velocity of W5 w.r.t. W, expressed in &,
. w;" € R3- Angular velocity of W5 w.rt. W;, expressed in W,

Céiiter End-effector

of Mass

\IJI ‘ Gravity i




FLYING END-EFFECTOR MODEL

 Nonlinear Equations of Motion

o Kinematics
§L = RLvy!
R}, = Ry&}
* Dynamics
JOB!I = — @BIJwBI { 7B 4 78
e = — R+ IR+ LT

\III‘ Gravityl



FLYING END-EFFECTOR MODEL

 Nonlinear Equations of Motion
« Kinematics
B — RIB,UB I

R L = RLw
Control  Interaction

: Torques T
»  Dynamics Jes lorques

et = — e 4+ I +

Control  Interaction
Forces  Forces

Gravity l



FLYING END-EFFECTOR MODEL

 Nonlinear Equations of Motion on SE(3)
« Kinematics

Hi = HLTE!
* Dynamics

Ps = J (PB) I 'Ps+WpB +WB 4+ W5

int

« HL € SE(3)-Pose of Wg w.rt. ¥,

. T,;‘" € R®- Generalized velocity of Wy w.r.t. W}, expressed in W,

o Wi € (R®)*- Generalized forces by src acting on body expressed in ¥,
« P* € (R®)*- Generalized momentum of body expressed in ¥,

of Mass

End-effector

Gravity i



FLYING END-EFFECTOR MODEL

 Nonlinear Equations of Motion on SE(3) T;": Generalized Velocity = Twist
 Kinematics Wsrc: Generalized Forces = \Wrench

I — EJI TB.I
HL,=HLT]

* Dynamics

Control  Interaction
Wrench  Wrench V]

« HL € SE(3)-Pose of Wg w.rt. ¥,
. T,;‘" € R®- Generalized velocity of Wy w.r.t. W}, expressed in W,

End-effector

Gravity l

of Mass

o Wi € (R®)*- Generalized forces by src acting on body expressed in ¥,
« P* € (R®)*- Generalized momentum of body expressed in ¥, U, ‘
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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

Port-based

Modeling

Geometric
Mechanics

Systems &
Control Theory

» Energy instead of Signals
* Multi-physics & open systems

Power exchanged

Pfiseile| f¥i, Vi)

H. Paynter

A. van der Schaft

B. Maschke
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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

Port-based Geometric Systems &
Modeling Mechanics Control Theory
» Energy instead of Signals  Coordinate-free descriptions
 Multi-physics & open systems * Finite & infinite-dimension systems

State space

X
Robot s
€1
Subsystem ————4 Subsystem
1 e Dynamics Configuration space X
7 9 Rigid body rotation | Special Orthogonal Group SO(3)
Power exchanged ez || f2 - Rigid body motion | Special Eucldiean Group SE(3)
P; = (el fi) Fluid flow Diffeomorphism Group Diff(M)
‘ e . Nonlinear elasticity | Space of Embeddings Emb(B, A)
Environment &= f(z)+ g(z)u
= h(z)
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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

Port-based

Modeling

Geometric Systems &
Mechanics Control Theory

» Energy instead of Signals
* Multi-physics & open systems

Robot

€1
Subsystem ————4 Subsystem
fi

Power exchanged BQJ[fQ
Pi := (eilfi)

Environment

 Coordinate-free descriptions * Exploit underlying structure
* Finite & infinite-dimension systems  Energy-based analysis & control

State space

X
ol Energy
Storage (C :: H(:I?)
l J (i~
4 o, H{z)||
v g [ o, A
a Energy | U Uy
Supply ” 7 }@ 93) m /MR:R(QZ)
& = [f(z) + B(z). H(z) + g(z)u
=di[(@m))8$H(x) Interconnection Structure
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BASICS OF PORT-BASED PARADIGM

The most important physical concept on which physics is based on is “Energy”.

Properties:

* Invariance in time: 18! principle of Thermodynamics

« Continuity in space: Heaviside Principle

Two subsystems (A & B) interact with each other by flow of energy.

Exchange of energy is characterized by “Power Ports”

Power = (e|f) r € R



BASICS OF PORT-BASED PARADIGM

o Efforts and Flows Examples

Physical Domain Effort Flow

Translation Mechanical Force (F) Velocity (v)
Rotational Mechanical Torque (1) Angular velocity (w)
Rigid Body Mechanics Wrench (W) Twist (T)
Electromagnetism Voltage (V) Current (i)
Hydraulic Pressure (p) Flow rate (Q)
Thermal Temperature (T) Entropy flow (f5)
Chemical Chemical Potential (u) Molar flow (fy)

(f.e) € (F,F*)



INTERCONNECTION OF SUBSYSTEMS

 Aphysical system composed of interconnected physical subsystems can be seen as a set of
subsystems interacting with each other
 Each i-th subsystem has its own

State xX; € X;
Energy Hi: X - R
function x; — Hi(x;)
Flow fi € F;

Effort e; € F;
Power H; = (eilfidr,

Balance




INTERCONNECTION OF SUBSYSTEMS

 Aphysical system composed of interconnected physical subsystems can be seen as a set of
subsystems interacting with each other
 Each i-th subsystem has its own

Example: Point mass moving in 3D

State xX; € X; State Momentum
Energy Hi: X - R p =mv
function x; — Hi(x;) Energy function  Kinetic energy
Flow fieF H@)=—p'p
Effort e, EF; Flow Rate of Change of Momentum
Power  T7; = (eIfy)s, P
Balance Effort Gradient of Kinetic Energy
oH p
o m "

Power Balance _ aH\'
Hi = ($> %




MODELING COMPLEX SYSTEMS BY INTERCONNECTION

o Total State: x = (x4, ..., x,,)
 Total Energy: H(x) = X; H;(x;) A

B
Port-Hamiltonian Representation /
[ = 07t ‘D-v
X = (](x) - R(x)) (E) + Gu
y = GT (6_}[) A \ Storage C
ox \ /
/ B
Standard State-Space Representation
x=f(x)+Gu Dissipation =D‘nterconnetio ~ External

y = h(x) Structure




PORT-HAMILTONIAN MODEL MODELING OF POINT MASS

Point Mass =
Model on R3: mé = —mgis + £, fe . Point
y Mass
Hamiltonian o 1T (3H/6£) _ (mgéf)
Energy: = gmP PHmIC: \on/op) = \ p/m
Environment  Control
‘Hamilton - NS
Port-Hamiltonian Model: Sl H(z)
&\ (0 1\ [(0H/0¢ 0 Port .1 9H
O-( () () +-ioes L
OH/d TN ¢
=0 1) (op) yail — &8

Skew
Symmetric



PORT-HAMILTONIAN MODEL OF A FLYING END-EFFECTOR

20N R ; - leeriaI
& , H(HEL, PB):: C %ﬂ] Robot
{ S [
F AV g : Storage of Kinetic * |
e T . and Potential Energy OxH || — .
; \
[
\
End-effector | | B
of Mass - W
Impedance int
Controller :l DRB | ;
B
Gravity Power Supplled by Power_Supplled by
\PI Controller Environment

Port-Hamiltonian dynamics Energy of aerial robot
H (0 x| (0 (0N ey ey | HOHEPR) = S(PE)TT P m(en)Tg
pB a _X}‘_I% Jk(PB) aPBH I6 int - N

eyt H
Ty =0 L (azﬁﬂ)

Kinetic Potential
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