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• Research Question: 

• Lecture 1: Oct. 16, 10:00–11:30 am — Foundations: From Aerial Interaction to Geometric Impedance on SE(3)

• Lecture 2: Oct. 19, 10:00–11:30 am — Wrench Regulation via Variable Stiffness (and Why It Breaks Passivity)

• Lecture 3: Oct. 21, 10:00–11:30 am — Energy-Aware Control: Tanks, Routing, and Safety in Contact-Loss

MINI-COURSE: GEOMETRIC PORT-HAMILTONIAN MODELING 
AND CONTROL OF A FLYING END-EFFECTOR

How to design a control algorithm that can enable a fully-actuated multirotor-aerial-

vehicle (i.e., a flying end-effector) to physically interact with an unknown environment 

in a stable and safe manner.

~1-2 hour Study Material before every lecture.



• What you’ll be exposed to Today:

• How to model a fully-actuated MAV?

• What is the Geometric Port-Hamiltonian framework ?

• How to represent rigid body dynamics in this framework ?

MINI-COURSE: GEOMETRIC PORT-HAMILTONIAN MODELING 
AND CONTROL OF A FLYING END-EFFECTOR
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• We consider the flying end-effector to be a fully-actuated

MAV consisting of a single rigid body that is connected to 6 

tilted propellers via revolute joints activated by electric 

motors.

• For control purposes, it is common to neglect any dynamics 

of the MAV’s propellers and consider the whole MAV as a 

single rigid body.

• This is a valid assumption because they change at a faster 

time scale compared to the dynamics of the MAV’s body.

FLYING END-EFFECTOR

           

     

     

     
    

     

     

         

        

           
     
    

           
          



8

• We denote by

• Ψ𝐼 - Inertial reference frame

• Ψ𝐵 - Body-fixed reference frame attached to center-of-mass

• Ψ𝐸 - Body-fixed reference frame attached to tip (end-effector)

• Configuration of a Rigid Body

• 𝜉𝐵
𝐼 ∈ ℝ3 - Position of the origin of Ψ𝐵 w.r.t. Ψ𝐼

• 𝑅𝐵
𝐼 ∈ 𝑆𝑂(3)- Orientation of Ψ𝐵 w.r.t. Ψ𝐼

• Velocity of a Rigid Body

• 𝑣𝐵
∗,𝐼 ∈ ℝ3- Linear velocity of Ψ𝐵 w.r.t. Ψ𝐼, expressed in Ψ∗

• 𝜔𝐵
∗,𝐼 ∈ ℝ3- Angular velocity of Ψ𝐵 w.r.t. Ψ𝐼, expressed in Ψ∗

FLYING END-EFFECTOR MODEL
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• Nonlinear Equations of Motion

• Kinematics

• Dynamics

FLYING END-EFFECTOR MODEL
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• Nonlinear Equations of Motion

• Kinematics

• Dynamics

FLYING END-EFFECTOR MODEL

Control 

Torques

Control 

Forces

Interaction 

Torques

Interaction 

Forces
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• Nonlinear Equations of Motion on SE(3)

• Kinematics

• Dynamics

FLYING END-EFFECTOR MODEL

• 𝐻𝐵
𝐼 ∈ 𝑆𝐸(3)- Pose of Ψ𝐵 w.r.t. Ψ𝐼

• 𝑇𝐵
∗,𝐼 ∈ ℝ6- Generalized velocity of Ψ𝐵 w.r.t. Ψ𝐼, expressed in Ψ∗

• 𝑊src
∗ ∈ ℝ6 ∗- Generalized forces by src acting on body expressed in Ψ∗

• 𝑃∗ ∈ ℝ6 ∗- Generalized momentum of body expressed in Ψ∗
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• Nonlinear Equations of Motion on SE(3)

• Kinematics

• Dynamics

FLYING END-EFFECTOR MODEL

• 𝐻𝐵
𝐼 ∈ 𝑆𝐸(3)- Pose of Ψ𝐵 w.r.t. Ψ𝐼

• 𝑇𝐵
∗,𝐼 ∈ ℝ6- Generalized velocity of Ψ𝐵 w.r.t. Ψ𝐼, expressed in Ψ∗

• 𝑊src
∗ ∈ ℝ6 ∗- Generalized forces by src acting on body expressed in Ψ∗

• 𝑃∗ ∈ ℝ6 ∗- Generalized momentum of body expressed in Ψ∗

𝑇𝐵
∗,𝐼

: Generalized Velocity = Twist

𝑊src
∗ : Generalized Forces = Wrench

Control 

Wrench

Interaction 

Wrench
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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

• Energy instead of Signals

• Multi-physics & open systems

Port-based 

Modeling

Geometric 

Mechanics

Systems & 

Control Theory
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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

• Energy instead of Signals

• Multi-physics & open systems

• Coordinate-free descriptions

• Finite & infinite-dimension systems

Port-based 

Modeling

Geometric 

Mechanics

Systems & 

Control Theory
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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

• Energy instead of Signals

• Multi-physics & open systems

• Coordinate-free descriptions

• Finite & infinite-dimension systems
• Exploit underlying structure

• Energy-based analysis &  control

Port-based 

Modeling
Geometric 

Mechanics

Systems & 

Control Theory
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• The most important physical concept on which physics is based on is “Energy”.

• Properties:

• Invariance in time: 1st principle of Thermodynamics

• Continuity in space: Heaviside Principle

• Two subsystems (A & B) interact with each other by flow of energy.

• Exchange of energy is characterized by “Power Ports”

BASICS OF PORT-BASED PARADIGM
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• Efforts and Flows Examples

BASICS OF PORT-BASED PARADIGM

Physical Domain Effort Flow

Translation Mechanical Force (𝐹) Velocity (𝑣)

Rotational Mechanical Torque (𝜏) Angular velocity (𝜔)

Rigid Body Mechanics Wrench (𝑊) Twist (𝑇)

Electromagnetism Voltage (𝑉) Current (𝑖)

Hydraulic Pressure (𝑝) Flow rate (𝑄)

Thermal Temperature (𝑇) Entropy flow (𝑓𝑠)

Chemical Chemical Potential (𝜇) Molar flow (𝑓𝑁)
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• A physical system composed of interconnected physical subsystems can be seen as a set of 

subsystems interacting with each other

• Each i-th subsystem has its own

INTERCONNECTION OF SUBSYSTEMS

State 𝑥𝑖 ∈ 𝒳𝑖

Energy 

function

ℋ𝑖:𝒳 → ℝ
𝑥𝑖 ⟼ℋ𝑖(𝑥𝑖)

Flow 𝑓𝑖 ∈ ℱ𝑖

Effort 𝑒𝑖 ∈ ℱ𝑖
∗

Power 

Balance

ሶℋ𝑖 = 𝑒𝑖 𝑓𝑖 ℱ𝑖
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• A physical system composed of interconnected physical subsystems can be seen as a set of 

subsystems interacting with each other

• Each i-th subsystem has its own

INTERCONNECTION OF SUBSYSTEMS

State 𝑥𝑖 ∈ 𝒳𝑖

Energy 

function

ℋ𝑖:𝒳 → ℝ
𝑥𝑖 ⟼ℋ𝑖(𝑥𝑖)

Flow 𝑓𝑖 ∈ ℱ𝑖

Effort 𝑒𝑖 ∈ ℱ𝑖
∗

Power 

Balance

ሶℋ𝑖 = 𝑒𝑖 𝑓𝑖 ℱ𝑖

Example: Point mass moving in 3D

State Momentum  

𝒑 = 𝑚𝒗

Energy function Kinetic energy

ℋ 𝒑 =
1

2𝑚
𝒑𝑻𝒑

Flow Rate of Change of Momentum

ሶ𝒑

Effort Gradient of Kinetic Energy
𝝏ℋ

𝝏𝒑
=
𝒑

𝑚
= 𝒗

Power Balance
ሶℋ𝑖 =

𝝏ℋ

𝝏𝒑

⊤

ሶ𝑝
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• Total State: 𝑥 = 𝑥1, … , 𝑥𝑛
• Total Energy: ℋ 𝑥 = σ𝑖ℋ𝑖(𝑥𝑖)

MODELING COMPLEX SYSTEMS BY INTERCONNECTION

ሶ𝑥 = 𝐽 𝑥 − 𝑅 𝑥
𝜕ℋ

𝜕𝑥
+ 𝐺 𝑢

𝑦 = 𝐺𝑇
𝜕ℋ

𝜕𝑥

ሶ𝑥 = 𝑓(𝑥) + 𝐺 𝑢
𝑦 = ℎ(𝑥)

Port-Hamiltonian Representation

Standard State-Space Representation
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Point Mass 

Model on ℝ3:

Hamiltonian 

Energy:

Port-Hamiltonian Model:

PORT-HAMILTONIAN MODEL MODELING OF POINT MASS

Skew

Symmetric



PORT-HAMILTONIAN MODEL OF A FLYING END-EFFECTOR

Port-Hamiltonian dynamics Energy of aerial robot


	Slide 1: Geometric Port-Hamiltonian Modeling and Control of a​ Flying End-Effector  
	Slide 2
	Slide 3: Energy Aware Impedance Control of a Flying End-effector in the Port-Hamiltonian Framework  Ramy Rashad*, Davide Bicego, Jelle Zult, Santiago Sanchez-Escalonilla, Ran Jiao, Antonio Franchi, Stefano Stramigioli 
	Slide 4: MINI-COURSE: Geometric Port-Hamiltonian Modeling and Control of a​ Flying End-Effector
	Slide 5: MINI-COURSE: Geometric Port-Hamiltonian Modeling and Control of a​ Flying End-Effector
	Slide 6: Mathematical Modeling of a Flying End- Effector
	Slide 7: flying End-Effector
	Slide 8: flying End-Effector Model
	Slide 9: flying End-Effector Model
	Slide 10: flying End-Effector Model
	Slide 11: flying End-Effector Model
	Slide 12: flying End-Effector Model
	Slide 13: GEOMETRIC PORT-HAMILTONIAN FRAMEWORK
	Slide 14: Geometric Port-Hamiltonian framework
	Slide 15: Geometric Port-Hamiltonian framework
	Slide 16: Geometric Port-Hamiltonian framework
	Slide 17: Basics of Port-Based Paradigm 
	Slide 18: Basics of Port-Based Paradigm 
	Slide 19: Interconnection of Subsystems
	Slide 20: Interconnection of Subsystems
	Slide 21: Modeling complex systems by interconnection
	Slide 22: Port-Hamiltonian model Modeling of Point Mass 
	Slide 23: Port-Hamiltonian model of a flying end-effector 

