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GEOMETRIC PORT-HAMILTONIAN FRAMEWORK

Port-based

Modeling

Geometric Systems &
Mechanics Control Theory

» Energy instead of Signals
* Multi-physics & open systems

Robot

€1
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fi
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Pi := (eilfi)

Environment

 Coordinate-free descriptions * Exploit underlying structure
* Finite & infinite-dimension systems  Energy-based analysis & control
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INTERCONNECTION OF SUBSYSTEMS

 Aphysical system composed of interconnected physical subsystems can be seen as a set of
subsystems interacting with each other
 Each i-th subsystem has its own

Example: Point mass moving in 3D

State xX; € X; State Momentum
Energy Hi: X - R p =mv
function x; — Hi(x;) Energy function  Kinetic energy
Flow fieF H@)=—p'p
Effort e, EF; Flow Rate of Change of Momentum
Power  T7; = (eIfy)s, P
Balance Effort Gradient of Kinetic Energy
oH p
o m "

Power Balance _ aH\'
Hi = ($> %




MODELING COMPLEX SYSTEMS BY INTERCONNECTION

o Total State: x = (x4, ..., x,,)
 Total Energy: H(x) = X; H;(x;) A

B
Port-Hamiltonian Representation /
[ = 07t ‘D-v
X = (](x) - R(x)) (E) + Gu
y = GT (6_}[) A \ Storage C
ox \ /
/ B
Standard State-Space Representation
x=f(x)+Gu Dissipation =D‘nterconnetio ~ External

y = h(x) Structure




PORT-HAMILTONIAN MODEL MODELING OF POINT MASS

Point Mass =
Model on R3: mé = —mgis + £, fe . Point
y Mass
Hamiltonian o 1T (3H/6£) _ (mgéf)
Energy: = gmP PHmIC: \on/op) = \ p/m
Environment  Control
‘Hamilton - NS
Port-Hamiltonian Model: Sl H(z)
&\ (0 1\ [(0H/0¢ 0 Port .1 9H
O-( () () +-ioes L
OH/d TN ¢
=0 1) (op) yail — &8

Skew
Symmetric



FLYING END-EFFECTOR MODEL

 Nonlinear Equations of Motion
« Kinematics
B — RIB,UB I

R L = RLw
Control  Interaction

: Torques T
»  Dynamics Jes lorques

et = — e 4+ I +

Control  Interaction
Forces  Forces

Gravity l



FLYING END-EFFECTOR MODEL

 Nonlinear Equations of Motion on SE(3) T;": Generalized Velocity = Twist
 Kinematics Wsrc: Generalized Forces = \Wrench

I — EJI TB.I
HL,=HLT]

* Dynamics

Control  Interaction
Wrench  Wrench V]

« HL € SE(3)-Pose of Wg w.rt. ¥,
. T,;‘" € R®- Generalized velocity of Wy w.r.t. W}, expressed in W,

End-effector

Gravity l

of Mass

o Wi € (R®)*- Generalized forces by src acting on body expressed in ¥,
« P* € (R®)*- Generalized momentum of body expressed in ¥, U, ‘




PORT-HAMILTONIAN MODEL OF A FLYING END-EFFECTOR

20N R ; - leeriaI
& , H(HEL, PB):: C %ﬂ] Robot
{ S [
F AV g : Storage of Kinetic * |
e T . and Potential Energy OxH || — .
; \
[
\
End-effector | | B
of Mass - W
Impedance int
Controller :l DRB | ;
B
Gravity Power Supplled by Power_Supplled by
\PI Controller Environment

Port-Hamiltonian dynamics Energy of aerial robot
H (0 x| (0 (0N ey ey | HOHEPR) = S(PE)TT P m(en)Tg
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OUTLINE

* Analysis of mass-damper dynamics




MASS DAMPER DYNAMICS

 Equations of motion

e E=vy

* mv=-b|vlv —mg+ feon

o State space representation
* x = (x1,x) = (&)

X4 X2 0
o . — b 1
(xz) ——|xlx — g T — I3

m

) ﬁ:OI’l




MASS DAMPER DYNAMICS

o State space representation

X4 X2 0
o . — b 1
(Xz) —E|X2|x2 —J T — I3

m

 Stored energy analysis
e H(xq,x,) = % mx, x, + mg'x,

)




MASS DAMPER DYNAMICS

 State space representation

. x2 0
X1
o . — b 1
(xz) <—; |%2] X2 — g) " <—13>fcon

m

 Stored energy analysis
e H(xq,x,) = % mx, x, + mg'x,

T T
. OH . OH .
e Hx)=|—]| x —] X
(x) ™ 1T 2% 2 U
Isy | [3
YT T
Inner product between 2 vectors in R™




MASS DAMPER DYNAMICS

 State space representation

' X2 0
X1
o . — b 1
(Xz) <_E 2| x5 — g) * <El3>fcon
 Stored energy analysis
e H(xq,x,) = % mx, x, + mg'x,
T T
: OH : OH :
- H = (5E) e (G) #
T

T

X, +mx, %,
X2 + x; (_b |x2|x2 —mg + fcon)




MASS DAMPER DYNAMICS

 State space representation

' X2 0
X1
o . — b 1
(Xz) <_E 2| x5 — g) * <;13>fcon
 Stored energy analysis
e H(xq,x,) = % mx, x, + mg'x,
T T
: OH : OH :
- H = (5E) e (G) #
T

T

X, +mx, %,
X2 + x; (_b |x2|x2 —mg + fcon)




MASS DAMPER DYNAMICS

 State space representation

' X2 0
° xl) = b 1
(552 <_E 2| x5 — g) * <;13>fcon
 Stored energy analysis
e H(xq,x,) = % mx, x, + mg'x,
T T
: OH : OH :
i =(35) =+ () *
mg'x; + mx, x,
_x;- B(xz)xz + vacon

B(x,) == b |x,|I3 € R33 =0




MASS DAMPER DYNAMICS

 State space representation

' X2 0
X1
o . = b +11
(xz) <_E 2| x5 — g) <;I3>fcon
 Stored energy analysis
e H(xq,x,) = % mx, x, + mg'x,
T T
: OH : OH :
e = () 1+ (5) =
mg'x; + mx, x,
_x;- B(xz)xz + vacon

Power dissipated Power supplied by control

B(Xz) =D |X2|13 S RSXS =0




PASSIVITY PROPERTY

 Stored energy analysis
o H(x{,x,) = % mx, x, + mg'x;
T T
: oH\ . oH\ .
e = (5n) 1+ (5) =
=mg'x; + mx, x,
— _x;- B(x3)x, + vacon

Power dissipated Power supplied by control




PASSIVITY PROPERTY

 Stored energy analysis
o H(x{,x,) = % mx, x, + mg'x;

« Hx) = (a—H)T X, + (a—H)T Xy

axl axz

mg'x, + mx, X,
_x;_ B(xz)xz + vacon
vaCOD

A

» We say that the mass-damper system is passive
with respect to the input output pair (feon, V)




PASSIVITY PROPERTY  * iiiresemen oo

» Formally, a system with input u(t)and output y(t)is passive if there exists
a nonnegative storage function I/ (x) > 0 such that for all time t > 0:

t
V(x()) —V(x(0)) < f u' (Dy() dr
0

Stored energy analysis
1 T T « If V(x) is differentiable, we can write the inequality differentially as:
¢ H(xl; XZ) — E mXx, X, + mg X, Vix) <u'y

e H(x)

oH T).C L (on T).C
axl 1 axz .
T T -

mg x; +mx, X,

__ID_C;_ B(xz)xz T vacon ¢
(% fcon e

IA

We say that the mass-damper system is passive Bt
with respect to the input output pair (feon, V)




PORT-HAMILTONIAN REPRESENTATION

+ State variables x = (& p)

« Hamiltonian function H( p) = ﬁpTP +mg'é

. _ - OH ~ _ [OH OH _ 14
Co-state variables —(x) = ( 7e 5 (x)) = (mg, )




PORT-HAMILTONIAN REPRESENTATION

+ State variables x = (& p)
« Hamiltonian function H( p) = ﬁpTP +mg'é
. _ - OH -~ _ [9H , N OH _ p
Co-state variables —(x) = ( 7e 5 (x)) = (mg, )
* Dynamics £
CE=2) §
apaH b, 0H @)U
* Pp=—5 00 —Ipl o () + feon bolv_, 5, # A h s
aH ~y2 /,
e v=—(x) £

op g
Standard form Fsy | I g
Sc' — v O

mv = —b |vlv —mg + feon




PORT-HAMILTONIAN REPRESENTATION

+ State variables x = (& p)

« Hamiltonian function H( p) = ﬁpTP +mg'é

. _ - OH ~ _ [OH OH _ 14
Co-state variables —(x) = ( 7e 5 (x)) = (mg, )

* Dynamics

' 0 0 a—H(x)
(p) B [(—13 0) (0 % |p|>] (g_lg (x)> + (]3)fcon @/'U
OH
— (%)
e (35, > F
7 X o3 I 15




PORT-HAMILTONIAN REPRESENTATION

+ State variables x = (& p)

« Hamiltonian function H( p) = ﬁpTP +mg'é

. _ - OH ~ _ [OH OH _ 14
Co-state variables —(x) = ( 7e 5 (x)) = (mg, )

* Dynamics

A [0 1y (0 0\ [3®@) 0
_ 3\ Y
<p> a [<—I3 0) (0 % |p|>] (g_lg (x)> + (13)fcon @2'1)
oH
— (%)
B (Zf, > ;f
7 X o3 I 15

J=—]", R(x)=0, G




PORT-HAMILTONIAN REPRESENTATION

 Stored energy analysis
« HEp)=——pp+mgTé

1w =(5) =50 1 (5) - (5) R0 (50) + (5r) eon

pH form

x =[/ —R(x)] (%_Z) + Gfeon

o= (3




PORT-HAMILTONIAN REPRESENTATION

 Stored energy analysis
« HEp)=——pp+mgTé

1w =(5) =50 1 (5) - (5r) R0 (50) + (55) eon

pH form

x =[/ —R(x)] (%_Z) + Gfeon

o= (3

Skew-symmetry property
y'Jx)y=0, VyeR"




PORT-HAMILTONIAN REPRESENTATION

 Stored energy analysis
« HEp)=——pp+mgTé

)= () 8= (2 10 (2)+ 22 o
= —le:)’(p)v + vacon

Power dissipated Power supplied by control

Nonlinear Damping

b
B(p) = — Ipll; € R¥3 >0

x =[/ —R(x)] ((Z_Z) + Gfeon

o= (3




OUTLINE

* Analysis of flying-effector dynamics




FLYING END-EFFECTOR DYNAMICS

 Equations of motion
H;, = Hbfgl Center End-effector
P3 = J(P3)I'P? + WB 4+ WpBE L+ WE
\IJI | Gravityi

Port-Hamiltonian Representation

Hi} KL \H{,(aP”,H)
P = —x3y1 (Ot H) + Ju(P?)0psH + W5 + W5

Hamiltonian function

o | =

H(x) = Hy(P?) + Hy(HY) = - (P#?)'T'P2 +m(¢L)'g




FLYING END-EFFECTOR DYNAMICS

 Equations of motion
H f, - H {}T;;! Center End-effector
Ps = J(P3)I'P? + WE +WB +WE
\IJI | Gravityi

Port-Hamiltonian Representation

i - 11 (9psH) Dual maps

: ,. | ; , ‘R® — Ty SE(3
P = —xi1 (Ot H) + Jx(P?)dpsH + W5 + W3 i RY = TaSE(3)

i : THSE(3) = (RE)*

Hamiltonian function

H(x) = Hy(P5) + Ho(HY) = =(P2) ' T'P5 +m(¢L)"g

b | =




FLYING END-EFFECTOR DYNAMICS

 Port-Hamiltonian Representation

I.{‘]; o 0 XHIB 8H§H 0 B B
(PB> B (_X;IIB Jk(PB)) (8133%) + (I@) (W + Wiﬂ[)

o H \IJ Gravityi
T2 =(0 I) (311;157") j—»

End-effector

of Mass

Hamiltonian function

o | =

H(x) = Hy(P?) + He(HYL) = —(P?) T 'P? +m(€L)'g




FLYING END-EFFECTOR DYNAMICS

* Port-Hamiltonian Representation

I.{‘]; o 0 XHIB 8H§H 0 B B
(PB> B (_X;IIB Jk(PB)) (8133%) + (I@) (W + Wiﬂ[)
Oorr H \IJ Gravityi
T2 = (0 Ip) (OHb IJ—'
7 ( 6) (31337'[)

 Stored energy analysis

= ()

End-effector

of Mass

We cannot take the standard inner product between 2 vectors in R™,

because x == (H}, P?) ¢ R™ H(x) = (dH Ok, x




FLYING END-EFFECTOR DYNAMICS

* Port-Hamiltonian Representation

_P.IIB o 0 XHIB 8HIBH 0 B B
)-8 ) (20 (2 e

Ot H
T =0 1) (5t

End-effector

Gravity i

of Mass

 Stored energy analysis
T T T
- 7@ =(5) 1= (5) J@(5) +(5) 6w +wi)




FLYING END-EFFECTOR DYNAMICS

* Port-Hamiltonian Representation

_P.IIB o 0 XHIB 8HIBH 0 B B
)-8 ) (20 (2 e

Ot H
T =0 1) (5t

End-effector

Gravity i

of Mass

 Stored energy analysis
T T T
- 7@ =(5) 1= (5) J@(5) +(5) o +win)




FLYING END-EFFECTOR DYNAMICS

* Port-Hamiltonian Representation

_P.IIB o 0 XHIB 8HIBH 0 B B
() (L ) ()« (2 e
Oorr H \If Gravityi
TE = (0 I) | HE IJ—'
N ( 6) (apBH)

 Stored energy analysis

¢ 300 = (2 5= (Z) c(we + W)
= (wE +wi) 6" (5)

End-effector

of Mass




FLYING END-EFFECTOR DYNAMICS

* Port-Hamiltonian Representation

_P.IIB o 0 XHIB 8HIBH 0 B B
()= (L8, ) () () e
Ourr H \IJ Gravityi
T2 =(0 Ij)  H= IJ—'
i ( 6) (8PBH>

 Stored energy analysis

= (2) = () o 4w

= (W2 +wE) 67 (Z) = w1 + (WE) 18!

End-effector

of Mass




FLYING END-EFFECTOR DYNAMICS

* Port-Hamiltonian Representation

_P.IIB o 0 XHIB 8HIBH 0 B B
)-8 ) (20 (2 e

Ot H
T =0 1) (5t

End-effector

Gravity i

of Mass

 Stored energy analysis

= (2) = () o 4w

= (W2 +WiR) 67 (57) = AT + (WiR) T

Power supphed Power supphed
by control by environment




GRAPHICAL REPRESENTATION

@ Aerial
 Port-Hamiltonian Representation H(Hp,P?) = C =0 "o
e et ”HJL .
(H) ( 0 Xuy ) (aHI H) (0) l
. — « B B + (WB_|_WB) WB
B _ s J PB B I nt I d int
P Xay, AED) JAOpoH) o s : DrB =~
Orrr H Ty
Ter =0 L) (aiﬁa) o apieaty Pogs st

 Stored energy analysis
+ H@ = WA + (W) T

Power supplied Power supplied
by control by environment




GRAPHICAL REPRESENTATION

@ Aerial
» Port-Hamiltonian Representation H(HE, PP C =40  Fo2
Iy iy “"HJL‘ .
H:, 0 Xert, \ (Onr ’H) (0) l
. — . BB B WB W B B
() (—XHIB (P >) (opine) + (&) v wi mpedance : Drp =
Opr H Ty
T3 =(0 I) (af_fﬁ ’H) o supis vy Pz sopt o
 Stored energy analysis
' B,I B \T+-B,I : - :
« Hx)=WAETT;" + (W) Tg’ —H}, 0  —xmy, 0 01 (0¥
( ) ( C? B ( 1ntv) B _ps RE —Ji(PB) —Is —Is| | 0psH
Power supplied Power supplied s = Ts o . W
rs" 0 Ig 0 0 wWe

by control by environment




OUTLINE

* Impedance control in the pH framework




Paradigm Shift: Motion Control vs. Interaction Control

* Motion Control * Interaction Control
* Main objective is to achieve * Main objective is to be able to
stability and reject external iInteract with an unknown
disturbances to maximize environment in a stable &
performance. safe manner.

-

»
| —=
—
|
T — |
B

=
_
=




Paradigm Shift: Motion Control vs. Interaction Control

 Motion Control

 Closed dynamical system.

 Stability analysis requires
closed loop model.

* Interaction Control
* Open dynamical system.

* Unknown environment needs
to be incorporated in closed
loop stability analysis.




Paradigm Shift: Motion Control vs. Interaction Control

* Motion Control * Interaction Control
* Based on unilateral signals. » Based on bilateral signals
e.g., control of position or e.g., control of relation between

velocity velocity and force.




Impedance Control

* The first one to address this issue in the field of robotics was Neville
Hogan in his seminal trilogy.

Neville Hogan Cited by

Professor, Massachusetts Institute of Technology

Verified email at mit.edu

Robotics  Maotor Neuroscience  Human-Robot Interaction Citations
h-index
i10-index

TITLE CITED BY YEAR

Impedance control: An approach to manipulation: Part [l—Implementation @7 7275 1985 2025
N Hogan
1350
The coordination of arm movements: an experimentally confirmed mathematical model 5794 1985
@D e
T Flash, N Hogan I
Journal of neuroscience 5 (7), 1688-1703 0

2018 2019 2020 2021 2022 2023 2024 2025

Robot-aided neurorehabilitation

HI Krebs, N Hogan, ML Aisen, BT Volpe
|EEE transactions on rehabilitation engineering & (1)

1862 1998

Public access VIEW ALL

An organizing principle for a class of voluntary movements @ o 1620 1984
N Hogan 9 articles 63 articles

Journal of neuroscience 4 (11), 2745-2754

not available available
Impedance control: An approach to manipulation @77 ° 1579 1984

N Hogan
1984 American control conference, 304-313

Based on funding mandates




Impedance Control

* Neville Hogan's idea of impedance control is that instead of
commanding exact positions or forces, the robot is controlled to
behave like a mechanical impedance:

* |t responds to external forces with a desired relationship between force,
position, and velocity, like a spring-damper-mass system.

* The key is shaping the robot's dynamic behavior — its stiffness,
damping, and inertia — to match the interaction task needs.

Impedance Control: An Approach
to Manipulation:
Part |—Theory

Neville Hogan
Associata Professor,




Impedance Control of Mass Damper

 Equations of motion

e =

*mv =—b |v|[v —mg + feon +/int
* Impedance control law

* fcon = Mg —Kp'f — Kgqv

* Closed loop dynamics
mv = —b |v|v — K,& — Kqv + fin:




Impedance Control of Mass Damper

 Equations of motion

« £ =y

*mv =—b |v|[v —mg + feon +/int
* Impedance control law

* fcon = Mg _Kpf — Kgqv

* Closed loop dynamics
mv = —b |v|v — K,& — Kgv + fine

U

mé + (B(v) + Kp)& + Kpé = fin

Equivalent mass-spring damper
system with respect to (fin, <) Closed-loop

dynamics




Next !

* Interpretation of impedance control law as another port-Hamiltonian
System that does energy-balancing and damping-injection.

* Impedance control of flying end-effector

 Variable impedance control of flying end-effector




STANDARD IMPEDANCE CONTROL ON SE(3)

T < ; . leeriaI
% H(HL,PB):: C £2=——0 Robot
_4 OH |
> , Storage of Kinetic * |
: e = and Potential Energy M || - 2 |
[
[
|
End-effector | | B
of Mass | - W
Impedance int
Controller =/B 7 l DRB |;
rgy® Ty
Gravity Power Supplied by Power Supplied by
\IJI Controller Environment
Port-Hamiltonian dynamics Energy of aerial robot

: 1
H\ (0 XHL Opr1 H 0 . 5 H(HL, P?) = —(P?)"Z 'P? +m(€L)'g
(PB) B (_X;_I% Jk(PB)) (81337{) T (Iﬁ) (W T Wlm) \2 N

T:' = (0 Is) (8HIB%)

Kinetic Potential
OpsH




STANDARD IMPEDANCE CONTROL ON SE(3)

Gravity Compensated
Aerial Robot A

Virtual . D ! L pBy..Cc |
Spring C ° HP(HOS) L H(HB’ﬁ ) ”LC E
I
. . Gravity
Oun Hp Hgs ) OaH & |compensated
Virtual Damper | Al |Aerial
X#2, : MTF R: K, I 0 ‘Rohot
68,0 I |
XCS de\%ﬂB I BzH '
spr | ‘1 |
- l |
Virtual spr | | WBt
Set |: =
Point D,I lmp :II DRB -
B,I B | | B
TB, o | I —
WS;X L o =
4 F— C: —Hy(Hp)

—_  —_ —_- —_- —_—- —_—  —_  —_- —_ —_ —_ —_

. Up
\D[ R Virtual
* Virtual -
Damper Spring
Impedance control law
_ cs B B
W - AdHC."S' spr — dmp - Wg
~~ Ve el
Virtual Virtual Gravity
Spring Damper Compensation

Advantages

« Passive controller
«  Contact-stability not guaranteed
* Robust to parametric uncertainties




Robustness against uncertainties

e

Measured Normal Force [N]
-

0 | | | | I I
140 150 160 170 180 190 200 210 220 230 240
Time [s]

80 I i
I B B St St e |

70+

Rotor PWM [%]

10

0
140 160 180D A7 180 180 200 210 220 230 240
Time [s]

N O



VARIABLE IMPEDANCE CONTROL ON SE(3)

- 4 Gravity Compensated /
Aerial Robot A

, ¥p
\Il e Variable
4 * Virtual Virtual
Damper Spring
Variable impedance control law
WE =—Adyes (Wi + Wrm V) Wi - Wi

l

Used for
regulating the
interaction wrench

Oyp Hp,c 8HD Hp,y Variable Spring g,..%,,
H C(Hgs) o (C\ - 1 ! 7C=H (H KC’S) ’ Stiffness
P S o 7 e Tevies - g | Modulation
Constant o8 s K Ao
Spring BHBSHP Hgs Virtual T Wing
Damper :
XHZs: MTF - Interaction
Wrench Observer
B
virtual W B
Irtua spr W
Set ]: Dimp :IC Gravity WwB
Point 721 B,7°' Compensted int
D TB Aerial 51
B Robot )
T3 [We _ Tp
7
Drawbacks

* Non-passive controller
»  Contact-stability not guaranteed
* Not safe for generic interaction




EXP.1: WRENCH REGULATION

Y T
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L
20 30 40 50 60 70 80

90



EXP.3: FULL ACTUATION CAPABILITIES

[y —
Il
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EXP.4: IMPORTANCE OF ENERGY AWARENESS

50 T T T m
! A
= |
7 o W U A S N
= S - |
—_— —f ) |
50 T 1 1 1 11
1 T T T T i T
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— 150 Ky !
£ T |
<100 I a
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= sof |
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I 1 1 1
& T T T M T
o —— A —X M —X Ay - Mg [Tt q‘(‘\ﬁ 1
x R v = 5 j ) RN
© 4DWWMWWQM A vﬂj _
= ZOTWMW\,WW \ZAL VAL NI
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