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Recap: Robot Navigation Architecture
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Recap: Robot Localization

« Out of these four components of the robot navigation architecture,
localization has received the greatest research attention due to its

complexity.

* Robot localization focuses on the question:
* “‘Where am | ?”




Recap: Belief Representation

* We represent the robot not just using a single possible position but
also a possibly infinite set of positions.

* In this approach, the belief is modeled by a probability distribution
function bel(x).

* In this approach, beliefs are
represented by conditional

probability distributions: ‘E‘
bel(x) = p(x|y) i'

i
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The belief function bel(x) is our
best guess of the robot’s state x.




Recap: Multivariate Gaussian Distribution

* In case the random variable x € R is a k-dimensional vector, we
will have a multivariate normal distribution characterized by the
density function:

_ L Ll NTy-1(y _
P = o o (—3 (- W TEx — )

where 1 € R* & ¥ € R¥** denote the mean & covariance matrix.
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Recap: Probabillity basics

Conditional probability

of X =xgivenY =y

Functions of one variable:
« Conditional probability
« Marginal probability

_p(x,y) T

plxly) = p(y) _

T~

Functions of multiple variable:

« Joint probability

Joint probability
of X=xandY =y

Marginal probability
of Y =y

Recall that

p() = [ p(x,y)dx
or p(y) = X,p(x,y)



Recap: Bayes rule

p(x|z) =np(z|[x)p(x)

* p(x) is our prior probability of X = x (before incorporating any external data).
* n(x|z) is our posterior probability of X = x after considering the data Z = z.

* p(z|x) is the likelihood that we see the data Z = z if X = x is true.

* 11 is a normalization factor




Recap: Robot Localization Problem

* The Localization problem is equivalent to finding

bel(xx) = p(xk|Zk, Uk)
where

» The robot’s path / history of states is given by
Xk = {xo'xl' 'xk—l'xk} — {Xk—l;xk}
* The history of control inputs (or proprioceptive sensor readings)
Uk = {u1; ;uk—1;uk} — {Uk—l'uk}
* The history of observations (or exteroceptive sensor readings)
Zk = {er "ty Zg—1, Zk} — {Zk—l' Zk}

bel(xy_1) bel(xx) |4

>

e
(=
[
m—.-—wfkaF
e e
4




Recap: Summary of Bayesian Filtering
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Kalman Filter

 The Kalman Filter is a particular kind of recursive Bayesian filter
specialized for linear systems with Gaussian noise.

* |t exploits the fact that Gaussians remain Gaussians under linear
transformations, enabling closed-form solutions at every step.

e |t assumes that both the State Transition Model and Sensor Model
are both linear.




Kalman Filter
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Linear State Transition Models

 The state transition model describes how the state at the next time
step x; evolves.

* A Kalman Filter assumes the state transition model to satisfy a
linear equation of the form:

X = Fk Xi—-1 +Bk Uy +Uk

where:
* x; € R" is the state vector of interest,
* u; € R™is a known control input,
* v, € R" is a random variable describing model uncertainty,

« [, € R B, € R™™ gre matrices describing the contribution of states, and
controls to state transition.




Linear Measurement Models

* The measurement model describes how the measurement z, is
related to the state xy.

« A Kalman Filter assumes the measurement model to satisfy a linear
equation of the form:

Zk=Hkxk+ Wi

where:
* x; € R" is the state vector of interest,
* 7; € R? is the observation vector,
* w, € RY is a random variable describing observation uncertainty,
« H, € R?*" is a matrix describing the contribution of state to observation.
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Probabilistic Models

 The state transition model and measurement models are not
deterministic, but probabilistic with Gaussian distributions.

State transition model Measurement model
Difference Equation X = Fy Xp—1 + By up + vg 7, = Hy x3, + wy
Probability Distribution Function P (X | X1, Ur) p(zi|xx)
Mean of Gaussian PDF Xy 2k
Covariance of Gaussian PDF P, Ry,

In summary, Kalman Filter assumes:
© p(Xplxp—1,ux) = N(Z, Py)
* p(zklxr) = N(Zg, Ry)




State Transition Probabilistic Model

X = Fk Xi—-1 +Bk Up +vk

* If x,,_, and v, are two random variables that are independent and
have a Gaussian distribution, then x;, will also have a Gaussian

distribution.

* Question: If we know the mean and covariance of x;_; and v, how
can we compute the mean and covariance of x; ?

Random xj;_;

State Random x
Transition >
Known Uy . Model

Random v,

Note that u; is not a random
variable but a known input.




State Transition Probabilistic Model

X = Fk Xi—-1 +Bk Up +vk

* If x,,_, and v, are two random variables that are independent and
have a Gaussian distribution, then x;, will also have a Gaussian
distribution.

* We will denote the mean and covariance of x;_q, vy, and x; by:

* Xg—1~N(Xg—1, Pr—1)
° URNN(OJ Qk)
* X ~N (X, Pr)




State Transition Probabilistic Model

X = Fk Xi—-1 +Bk Up +vk

* If x,,_, and v, are two random variables that are independent and
have a Gaussian distribution, then x;, will also have a Gaussian

distribution.
o If xk—1~N(5C\k—1iPk—1) and Uk~N(O, Qk) then xk"’N(.?/C\k,Pk) with

Mean Covariance

Xy = FyXp_1 + By uy P, = FPy_1F; + Qg




Measurement Probabilistic Model

* Now let’s consider the measurement model z;,, = Hy, x;, + wy,
* Note that in this equation the observation z, is written as an output.

 However, to use it in the Kalman filter, we need to use the
observation as an input (similar to u,, in the state transition model).




Measurement Probabilistic Model

* Now let’s consider the measurement model z;,, = Hy, x;, + wy,
* Note that in this equation the observation z, is written as an output.

 However, to use it in the Kalman filter, we need to use the
observation as an input (similar to u,, in the state transition model).

* The way we do this is by introducing the innovation variable £, € R?
Br = zx — Hyxp + Wi

which is the difference between the observed measurements and
what the measurement model predicts.



Measurement Probabilistic Model

bx = Zx — Hyxyp + wy

* If x;, and w;, are two random variables that are independent and
have a Gaussian distribution, then S, will also have a Gaussian

distribution.

* Question: If we know the mean and covariance of x; and w;, how
can we compute the mean and covariance of ;7

Random x;,

Random g,

—

Randomw, | Measurement
Known z, ) Model

Note that z, is not a random
variable but a known input.




Measurement Probabilistic Model

bx = Zx — Hyxyp + wy

* If x;, and w;, are two random variables that are independent and
have a Gaussian distribution, then S, will also have a Gaussian
distribution.

o If x;;~N (&, P) and wi~N (0, Ry) then B, ~N (B, Si) with

Mean Covariance

B = 7, — Hi %y, Sk = HeP Hy + Ry
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Example Estimation Problems

* 1D robot position: 2D robot position and velocity
« State x(t) = é(t) ER - State x(t) = (£(¢), v(t)) € R*
 Velocity sensor u(t) € R  Acceleration sensor u(t) € R?
» Position sensor z(t) € R » Position sensor z(t) € R?




Example 1:

* Robot State: 1D position
e x(t) =¢() ER
 Control input: PC velocity sensor at 1 Hz
cu(t) =v() +n(t),  n)~N(,07)
* Observation input: EC position sensor at 1/Ts Hz
+ z(t) =& +w(),  w(t)~N(0,07)
« Kinematic model:
» x1(t) = §(8) = v(t)

PC: proprioceptive

.« i) EC: exteroceptive




Example 1:

e Kinematic model:

+ x(t) = &(0) = v(t)

« State Transition model:
X = Xp—1 T At up + 1y
 Measurement model:
Z, = X + Wy

Discretization rule:
Xk —Xk—1

Xk ¥ T a¢

F, =H, =1, B, = At, Qr = 02,




Example 2:

* Robot State: 2D position and velocity
« x(t) = (£, v(t)) € R?

« Control input: PC acceleration sensor at 1 Hz
*u(t) =a()+n), n)~N@OQ)

* Observation input: EC position sensor at 1/Ts Hz
o z(t) = &(t) + w(t), w(t)~ N(0,R)

« Kinematic model:

C oy [E@Y) _ (v(®)
x(t) = (v(t)) B (a(t) )




Example 2:

e Kinematic model: Discretiza;[cio[mj:c
. . E(t) . U(t) X) ~ k Atk—1
HO - (v@)) ~(a0))

« State Transition model:
X = Fiexp—1 + By ug + 1y
« Measurement model:
Zk — Hkxk -+ Wk

l

(I, At B _((At)zlz)
Fo=(o7, T10) Ho=( 0aa) B=(307),

Qi = diag (051» 052)» R; = diag (Uz21» Uzzz)
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