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« Kalman Filter Algorithm

» Application: 1D robot position estimation
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Recap: Belief Representation

* We represent the robot not just using a single possible position but
also a possibly infinite set of positions.

* In this approach, the belief is modeled by a probability distribution
function bel(x).

* In this approach, beliefs are
represented by conditional

probability distributions: ‘E‘
bel(x) = p(x|y) i'

i
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The belief function bel(x) is our
best guess of the robot’s state x.




Recap: Multivariate Gaussian Distribution

* In case the random variable x € R is a k-dimensional vector, we
will have a multivariate normal distribution characterized by the
density function:

_ L Ll NTy-1(y _
P = o o (—3 (- W TEx — )

where 1 € R* & ¥ € R¥** denote the mean & covariance matrix.
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Recap: Summary of Bayesian Filtering
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Recap: Kalman Filter

uk X
Gaussian Linear

State Transition Model Gaussian
/xk:F"xk‘1+Bk“k+vk \
bel (x;_1) 0 Prediction update

= p(xXk-11Zk-1,Ug-1)

bel (x)
bel (x;) e
= p(xx|Zx, Ur) Correction update a/

/ Sensor Model

Br = zx — Hpxpe + wy

Gaussian Linear
Zi




Recap: Probabilistic Models

 The state transition model and measurement models are not
deterministic, but probabilistic with Gaussian distributions.

State transition model Measurement model
Difference Equation X = Fy Xp—1 + By up + vg 7, = Hy x3, + wy
Probability Distribution Function P (X | X1, Ur) p(zi|xx)
Mean of Gaussian PDF Xy 2k
Covariance of Gaussian PDF P, Ry,

In summary, Kalman Filter assumes:
© p(Xplxp—1,ux) = N(Z, Py)
* p(zklxr) = N(Zg, Ry)




Recap: State Transition Probabilistic Model

X = Fk Xi—-1 +Bk Up +vk

* If x,,_, and v, are two random variables that are independent and
have a Gaussian distribution, then x;, will also have a Gaussian

distribution.

* Question: If we know the mean and covariance of x;_; and v, how
can we compute the mean and covariance of x; ?

Random xj;_;

State Random x
Transition >
Known Uy . Model

Random v,

Note that u; is not a random
variable but a known input.




Recap: State Transition Probabilistic Model

X = Fk Xi—-1 +Bk Up +vk

* If x,,_, and v, are two random variables that are independent and
have a Gaussian distribution, then x;, will also have a Gaussian

distribution.
o If xk—1~N(5C\k—1iPk—1) and Uk~N(O, Qk) then xk"’N(jC\k,Pk) with

Mean Covariance

Xy = FyXp_1 + By uy P, = FPy_1F; + Qg




Recap: Measurement Probabilistic Model

bx = Zx — Hyxyp + wy

* If x;, and w;, are two random variables that are independent and
have a Gaussian distribution, then S, will also have a Gaussian

distribution.

* Question: If we know the mean and covariance of x; and w;, how
can we compute the mean and covariance of ;7

Random x;,

Random g,

—

Randomw, | Measurement
Known z, ) Model

Note that z, is not a random
variable but a known input.




Recap: Measurement Probabilistic Model

bx = Zx — Hyxyp + wy

* If x;, and w;, are two random variables that are independent and
have a Gaussian distribution, then S, will also have a Gaussian
distribution.

o If x;;~N (&, P) and wi~N (0, Ry) then B, ~N (B, Si) with

Mean Covariance

B = 7, — Hi %y, Sk = HeP Hy + Ry
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Example Estimation Problems

* 1D robot position: 2D robot position and velocity
« State x(t) = é(t) ER - State x(t) = (£(¢), v(t)) € R*
 Velocity sensor u(t) € R  Acceleration sensor u(t) € R?
» Position sensor z(t) € R » Position sensor z(t) € R?




Example 1:

* Robot State: 1D position
e x(t) =¢() ER
 Control input: PC velocity sensor at 1 Hz
cu(t) =v() +n(t),  n)~N(,07)
* Observation input: EC position sensor at 1/Ts Hz
+ z(t) =& +w(),  w(t)~N(0,07)
« Kinematic model:
» x1(t) = §(8) = v(t)

PC: proprioceptive

.« i) EC: exteroceptive




Example 1:

e Kinematic model:

+ x(t) = &(0) = v(t)

« State Transition model:
X = Xp—1 T At up + 1y
 Measurement model:
Z, = X + Wy

Discretization rule:
Xk —Xk—1

Xk ¥ T a¢

F, =H, =1, B, = At, Qr = 02,




Example 2:

* Robot State: 2D position and velocity
« x(t) = (£, v(t)) € R?

« Control input: PC acceleration sensor at 1 Hz
*u(t) =a()+n), n)~N@OQ)

* Observation input: EC position sensor at 1/Ts Hz
o z(t) = &(t) + w(t), w(t)~ N(0,R)

« Kinematic model:

C oy [E@Y) _ (v(®)
x(t) = (v(t)) B (a(t) )




Example 2:

e Kinematic model: Discretiza;[cio[mj:c
. . E(t) . U(t) X) ~ k Atk—1
HO - (v@)) ~(a0))

« State Transition model:
X = Fiexp—1 + By ug + 1y
« Measurement model:
Zk — Hkxk -+ Wk

l

(I, At B _((At)zlz)
Fo=(o7, T10) Ho=( 0aa) B=(307),

Qi = diag (051» 052)» R; = diag (Uz21» Uzzz)
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Kalman Filter Overview

Gaussian

N(Zp—1) k-1, Pi—1| k-1)

\

bel (x;_1)

Ug
l kaN(OJ Qk)

State Transition Model

/xk:Fkxk—1+Bkuk+Uk

= p(xXk-11Zk-1,Ug-1)

bel (x;)
= p(xk|Zx, Uk)

/

Gaussian
N(Zxi P 1)

0 Prediction update

Sensor Model
Pr = zj — Hpxyp + wy

Correction update a /

WRNN(OI Rk) [

Zi

Gaussian
\ / N(£k| k-1, Pk| k—1)
bel (xx)
= p(xk|Zk=1,Ux)
Recall

N(u, X): Gaussian with
mean u € R* and
covariance ¥ € Rfxk




Kal m a n Fi Ite r Ove rVi eW 0 Prediction update

Compute Xy x—1 and Py x4
* Given Xg_q) k-1, Pr—1] k-1 Uk
¢ USing Fk'Bk' Qk

Ug
l UICNN(OJ Qk)

State Transition Model

/xk:Fkxk—1+Bkuk+ Vk\
Prediction update
bel (x;_1) 0 g

= N(fk—1| k—1»Pk—1| k—1)

bel (xk)
bel (x;) = N(flq k-1, P| k—1)

= N(Xy %, P
( k| k» 2kl k) Correction update e
Sensor Model

Pr = zj, — Hpx + wy

Wk~N(Or Rk) [

Zi




Ka I m a n F i Ite r Ove rVi eW 0 Prediction update

Compute Xy x—1 and Py x4
* Given X _q) k-1, Pe—1] k-1 Uk
» Using Fy, By, Qx

Uk
l URNN(OJ Qk)

State Transition Model

/xk:Fkxk—l"l'Bkuk‘l' Vg
Prediction update
bel (xy_1) 0

= N(£k—1| k-1 Pr-1] k—1)

bel (xy)
bel (x;) = N(flq k-1, P| k—1)
= N(Zk) o Pi )

Correction update a
Sensor Model
By = z;, — Hyxp + wy e Correction update
w~N(0, R}, Com.pute ick| rand Py
Z,  Given xk|k_1, Pk|k—1/ Zy
° USing Hk! Rk




Kalman Filter Block Diagram

Xk—1 VA
—*| True State Transition Model Xk .| True Measurement Model K _
Uk > xk=Fkxk_1+Bkuk+vk - Zk:Hkxk+Wk g
vy ~N(0, Qk)I Iwk ~N(0, Ry True Robot
Control uy Observation z,
State estimate at t,_; y v
-1 k-1 _ State Prediction Xk|k-1 | Compute Innovation Br
Xy k=1 = Fr Xg—1)k—1+ Br U Bi = 7z — HyXy| k-1 .
Ke |
State Covariance at t;_,
Pr-1) k-1 - State Covariance Prediction Py k-1 1 Innovation Covariance SL Kalman Gain

State

estimate at ¢;,

State Correction

Xk| k

Xk = Xkl k-1 KB

Py k-1 = FiPr—1 k-1F) + Qk

A

Sk = Hy Py k-1Hy + Rx

Ky = Py k-1 Hy (Si)™*

A\ 4

State

covariance at t;

State Covariance Correction
_ T
Py = Py k-1 — Ky Sk K

Py k

—




Kalman Filter Block Diagram
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Ka I m a n F i Ite r Ove rVi eW 0 Prediction update

* Xg|k-1 = Fx Xg—1k-1+ Br Ug
* Pyik—1 = FixPr—q k-1F¢ + Qx

Ug
l URNN(OJ Qk)

State Transition Model

/xk:Fkxk—l"l'Bkuk‘l' Vg
Prediction update
bel (x;_1) 0 g

= N(fk—u k-1 Pr—1] k—1) bel (xk)
= N(Xy| -1, Pyl %
bel (x;) ( k| k-1 Tk k 1)
= N(Xy( %, P
( el ker k] k) Correction update a
Sensor Model
By = z;, — Hyxp + wy e Correction update
wi~N (0, Ry) * PBr =z — HpXy| -1
— T
Z * Sk = HpPgx-1Hx + Rk

* Ky = Pyjx—1 Hp (Sp)7!

* Xk|k = Xk k-1 TKiPxk
* Pujk = Prjx-1 — Ki Sk K¢
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» Application: 1D robot position estimation




1D robot position estimation

Robot

Probability Density

0.5

0.4

0.3

0.2

-01

it
@

ot
@

o
Y

o
(%)

1D Mobile Robot Visualization

|

4 5 6

Position

Gaussian Distribution

Position

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Robot Position
1

Initial state

1

Initial Vanance

Robot Position History

Step Index

Clear Histary

true
estimated
measured



	Default Section
	Slide 1: CIE 482: Path Planning & Navigation for Mobile Robots
	Slide 2: Outline
	Slide 3: Outline
	Slide 4: Recap: Belief Representation
	Slide 5: Recap: Multivariate Gaussian Distribution
	Slide 6: Recap: Summary of Bayesian Filtering
	Slide 7: Recap: Kalman Filter 
	Slide 8: Recap: Probabilistic Models
	Slide 9: Recap: State Transition Probabilistic Model 
	Slide 10: Recap: State Transition Probabilistic Model 
	Slide 11: Recap: Measurement Probabilistic Model 
	Slide 12: Recap: Measurement Probabilistic Model 
	Slide 13: Outline
	Slide 14: Example Estimation Problems
	Slide 15: Example 1:
	Slide 16: Example 1:
	Slide 17: Example 2:
	Slide 18: Example 2:
	Slide 19: Outline
	Slide 20: Kalman Filter Overview
	Slide 21: Kalman Filter Overview
	Slide 22: Kalman Filter Overview
	Slide 23: Kalman Filter Block Diagram
	Slide 24: Kalman Filter Block Diagram
	Slide 25: Kalman Filter Overview
	Slide 26: Outline
	Slide 27: 1D robot position estimation


