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Recap: Belief Representation

• We represent the robot not just using a single possible position but 
also a possibly infinite set of positions.

• In this approach, the belief is modeled by a probability distribution 
function 𝑏𝑒𝑙(𝑥).

• In this approach, beliefs are 

represented by conditional 

probability distributions:

𝑏𝑒𝑙 𝑥 = 𝑝(𝑥|𝑦)

The belief function 𝑏𝑒𝑙 𝑥  is our 

best guess of the robot’s state 𝑥.



Recap: Multivariate Gaussian Distribution

• In case the random variable 𝑥 ∈ ℝ𝑘 is a 𝑘-dimensional vector, we 
will have a multivariate normal distribution characterized by the 
density function:

𝑝 𝑥 =
1

2𝜋 𝑘/2 det(Σ)
exp −

1

2
𝑥 − 𝜇 ⊤Σ−1 𝑥 − 𝜇   

where 𝜇 ∈ ℝ𝑘 & Σ ∈ ℝ𝑘×𝑘 denote the mean & covariance matrix.



Recap: Summary of Bayesian Filtering

1

2

𝒃𝒆𝒍 𝒙𝒌−𝟏

= 𝑝 𝑥𝑘−1|𝑍𝑘−1, 𝑈𝑘−1

State Transition Model

𝑝 𝑥𝑘|𝑥𝑘−1, 𝑍𝑘−1, 𝑈𝑘

Propreoceptive sensor 

measurement 𝑢𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑝 𝑥𝑘|𝑍𝑘−1, 𝑈𝑘

Sensor Model

𝑝 𝑧𝑘|𝑥𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑝 𝑥𝑘|𝑍𝑘 , 𝑈𝑘

Prediction update1

Correction update 2

Exteroceptive sensor 

measurement 𝑧𝑘



Recap: Kalman Filter 

𝒃𝒆𝒍 𝒙𝒌−𝟏

= 𝑝 𝑥𝑘−1|𝑍𝑘−1, 𝑈𝑘−1

State Transition Model
𝑥𝑘 = 𝐹𝑘  𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘 + 𝑣𝑘

𝑢𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑝 𝑥𝑘|𝑍𝑘−1, 𝑈𝑘

Sensor Model
𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 +  𝑤𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑝 𝑥𝑘|𝑍𝑘, 𝑈𝑘

Prediction update1

Correction update 2

𝑧𝑘

Gaussian

Gaussian

Gaussian

Linear

Linear



Recap: Probabilistic Models

• The state transition model and measurement models are not 
deterministic, but probabilistic with Gaussian distributions.

State transition model Measurement model 

Difference Equation 𝑥𝑘 = 𝐹𝑘 𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘 + 𝑣𝑘 𝑧𝑘 = 𝐻𝑘 𝑥𝑘 +  𝑤𝑘

Probability Distribution Function 𝑝 𝑥𝑘|𝑥𝑘−1, 𝑢𝑘 𝑝 𝑧𝑘|𝑥𝑘

Mean of Gaussian PDF ො𝑥𝑘 Ƹ𝑧𝑘

Covariance of Gaussian PDF 𝑃𝑘 𝑅𝑘

In summary, Kalman Filter assumes:

• 𝑝 𝑥𝑘|𝑥𝑘−1, 𝑢𝑘 = 𝑁 ො𝑥𝑘 , 𝑃𝑘

• 𝑝 𝑧𝑘|𝑥𝑘 = 𝑁 Ƹ𝑧𝑘 , 𝑅𝑘



Recap: State Transition Probabilistic Model 

• If 𝑥𝑘−1 and 𝑣𝑘 are two random variables that are independent and 
have a Gaussian distribution, then 𝑥𝑘 will also have a Gaussian 
distribution.

• Question: If we know the mean and covariance of 𝑥𝑘−1 and 𝑣𝑘, how 
can we compute the mean and covariance of 𝑥𝑘?

𝑥𝑘 = 𝐹𝑘 𝑥𝑘−1 + 𝐵𝑘 𝑢𝑘 + 𝑣𝑘

Note that 𝑢𝑘 is not a random 

variable but a known input.

State 

Transition 

Model

Random 𝑥𝑘−1

Random 𝑣𝑘

Known 𝑢𝑘

Random 𝑥𝑘



Recap: State Transition Probabilistic Model 

• If 𝑥𝑘−1 and 𝑣𝑘 are two random variables that are independent and 
have a Gaussian distribution, then 𝑥𝑘 will also have a Gaussian 
distribution.

• If 𝑥𝑘−1~𝑁 ො𝑥𝑘−1, 𝑃𝑘−1  and 𝑣𝑘~𝑁 0, 𝑄𝑘  then 𝑥𝑘~𝑁 ො𝑥𝑘 , 𝑃𝑘  with

ො𝑥𝑘 = 𝐹𝑘 ො𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘

Mean

𝑃𝑘 =  𝐹𝑘𝑃𝑘−1𝐹𝑘
⊤ + 𝑄𝐾

Covariance

𝑥𝑘 = 𝐹𝑘 𝑥𝑘−1 + 𝐵𝑘 𝑢𝑘 + 𝑣𝑘



Recap: Measurement Probabilistic Model 

• If 𝑥𝑘 and 𝑤𝑘 are two random variables that are independent and 
have a Gaussian distribution, then 𝛽𝑘  will also have a Gaussian 
distribution.

• Question: If we know the mean and covariance of 𝑥𝑘 and 𝑤𝑘, how 
can we compute the mean and covariance of 𝛽𝑘?

𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 + 𝑤𝑘

Note that 𝑧𝑘 is not a random 

variable but a known input.

Measurement 

Model

Random 𝑥𝑘

Random 𝑤𝑘

Known 𝑧𝑘

Random 𝛽𝑘



Recap: Measurement Probabilistic Model 

• If 𝑥𝑘 and 𝑤𝑘 are two random variables that are independent and 
have a Gaussian distribution, then 𝛽𝑘  will also have a Gaussian 
distribution.

• If 𝑥𝑘~𝑁 ො𝑥𝑘 , 𝑃𝑘  and 𝑤𝑘~𝑁 0, 𝑅𝑘  then 𝛽𝑘~𝑁 መ𝛽𝑘 , 𝑆𝑘  with

𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 + 𝑤𝑘

መ𝛽𝑘 = 𝑧𝑘 − 𝐻𝑘 ො𝑥𝑘

Mean

𝑆𝑘 = 𝐻𝑘𝑃𝑘𝐻𝑘
⊤ + 𝑅𝐾

Covariance
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Example Estimation Problems

• 1D robot position:
• State 𝑥(𝑡) = 𝜉(𝑡) ∈ ℝ

• Velocity sensor 𝑢 𝑡 ∈ ℝ

• Position sensor z 𝑡 ∈ ℝ

• 2D robot position and velocity
• State 𝑥(𝑡) = (𝜉 𝑡 , 𝑣(𝑡)) ∈ ℝ4

• Acceleration sensor 𝑢 𝑡 ∈ ℝ2

• Position sensor z 𝑡 ∈ ℝ2

robot 

position

robot position 

and velocity



Example 1:

• Robot State: 1D position
• 𝑥(𝑡) = 𝜉(𝑡) ∈ ℝ

• Control input: PC velocity sensor at 1 Hz
• 𝑢 𝑡 = 𝑣 𝑡 + 𝜂 𝑡 ,  𝜂 𝑡 ~ 𝑁(0, 𝜎𝑢

2)

• Observation input: EC position sensor at 1/Ts Hz
• 𝑧 𝑡 = 𝜉 𝑡 + 𝑤 𝑡 ,  𝑤 𝑡 ~ 𝑁(0, 𝜎𝑧

2)

• Kinematic model:

• ሶ𝑥 𝑡 = ሶ𝜉 𝑡 = 𝑣 𝑡

PC: proprioceptive

EC: exteroceptive

robot 

position



Example 1:

• Kinematic model:

• ሶ𝑥 𝑡 = ሶ𝜉 𝑡 = 𝑣 𝑡

• State Transition model:

𝑥𝑘 = 𝑥𝑘−1 + Δ𝑡 𝑢𝑘 + 𝜂𝑘

• Measurement model:

𝑧𝑘 = 𝑥𝑘 + 𝑤𝑘

𝐹𝑘 = 𝐻𝑘 = 1, 𝐵𝑘 = Δ𝑡, 𝑄𝑘 = 𝜎𝑢
2, 𝑅𝑘 = 𝜎𝑧

2

Discretization rule:

ሶ𝑥𝑘 ≈
𝑥𝑘 −𝑥𝑘−1

Δ𝑡
 



Example 2:

• Robot State: 2D position and velocity
• 𝑥(𝑡) = (𝜉 𝑡 , 𝑣(𝑡)) ∈ ℝ4

• Control input: PC acceleration sensor at 1 Hz
• 𝑢 𝑡 = 𝑎 𝑡 + 𝜂 𝑡 ,  𝜂 𝑡 ~ 𝑁(0, 𝑄)

• Observation input: EC position sensor at 1/Ts Hz
• 𝑧 𝑡 = 𝜉 𝑡 + 𝑤 𝑡 ,  𝑤 𝑡 ~ 𝑁(0, 𝑅)

• Kinematic model:

• ሶ𝑥 𝑡 =
ሶ𝜉 𝑡

ሶ𝑣 𝑡
=

𝑣 𝑡  

𝑎 𝑡  

robot position 

and velocity



Example 2:

• Kinematic model:

• ሶ𝑥 𝑡 =
ሶ𝜉 𝑡

ሶ𝑣 𝑡
=

𝑣 𝑡  

𝑎 𝑡  

• State Transition model:

𝑥𝑘 = 𝐹𝑘𝑥𝑘−1 + B𝑘 𝑢𝑘 + 𝜂𝑘

• Measurement model:

𝑧𝑘 = 𝐻𝑘𝑥𝑘 + 𝑤𝑘

𝐹𝑘 =
𝐼2 Δ𝑡 𝐼2

02×2 𝐼2
, 𝐻𝑘 = 𝐼2 02×2 , 𝐵𝑘 =

Δ𝑡 2𝐼2

Δ𝑡 𝐼2
, 

𝑄𝑘 = diag (𝜎𝑢1
2 , 𝜎𝑢2

2 ), 𝑅𝑘 = diag (𝜎𝑧1
2 , 𝜎𝑧2

2 )

Discretization:

ሶ𝑥𝑘 ≈
𝑥𝑘 −𝑥𝑘−1

Δ𝑡
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Kalman Filter Overview

𝒃𝒆𝒍 𝒙𝒌−𝟏

= 𝑝 𝑥𝑘−1|𝑍𝑘−1, 𝑈𝑘−1

State Transition Model
𝑥𝑘 = 𝐹𝑘  𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘 + 𝑣𝑘

𝑢𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑝 𝑥𝑘|𝑍𝑘−1, 𝑈𝑘

Sensor Model
𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 +  𝑤𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑝 𝑥𝑘|𝑍𝑘, 𝑈𝑘

Prediction update1

Correction update 2

𝑧𝑘

Gaussian

Gaussian

Gaussian

𝑵 ෝ𝒙𝒌−𝟏| 𝒌−𝟏, 𝑷𝒌−𝟏| 𝒌−𝟏

𝑵 ෝ𝒙𝒌|𝒌, 𝑷𝒌| 𝒌

𝑵 ෝ𝒙𝒌| 𝒌−𝟏, 𝑷𝒌| 𝒌−𝟏

Recall 

𝑵 𝝁, 𝚺 : Gaussian with 

mean 𝝁 ∈ ℝ𝒌 and 

covariance 𝚺 ∈ ℝ𝒌×𝒌

𝑣𝑘~𝑁 0, 𝑄𝑘

𝑤𝑘~𝑁 0, 𝑅𝑘



Kalman Filter Overview

State Transition Model
𝑥𝑘 = 𝐹𝑘  𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘 +  𝑣𝑘

𝑢𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑁 ො𝑥𝑘| 𝑘−1, 𝑃𝑘| 𝑘−1

Sensor Model
𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 +  𝑤𝑘

Prediction update1

Correction update 2

𝑧𝑘

1 Prediction update

Compute ො𝑥𝑘| 𝑘−1 and  𝑃𝑘| 𝑘−1 
• Given ො𝑥𝑘−1| 𝑘−1, 𝑃𝑘−1| 𝑘−1, 𝑢𝑘

• Using 𝐹𝑘 , 𝐵𝑘 , 𝑄𝑘

𝑣𝑘~𝑁 0, 𝑄𝑘

𝑤𝑘~𝑁 0, 𝑅𝑘

𝒃𝒆𝒍 𝒙𝒌−𝟏

= 𝑁 ො𝑥𝑘−1| 𝑘−1, 𝑃𝑘−1| 𝑘−1

𝒃𝒆𝒍 𝒙𝒌

= 𝑁 ො𝑥𝑘| 𝑘 , 𝑃𝑘| 𝑘



Kalman Filter Overview

State Transition Model
𝑥𝑘 = 𝐹𝑘  𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘 +  𝑣𝑘

𝑢𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑁 ො𝑥𝑘| 𝑘−1, 𝑃𝑘| 𝑘−1

Sensor Model
𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 +  𝑤𝑘

Prediction update1

Correction update 2

𝑧𝑘

1 Prediction update

Compute ො𝑥𝑘| 𝑘−1 and  𝑃𝑘| 𝑘−1 
• Given ො𝑥𝑘−1| 𝑘−1, 𝑃𝑘−1| 𝑘−1, 𝑢𝑘

• Using 𝐹𝑘 , 𝐵𝑘 , 𝑄𝑘

𝑣𝑘~𝑁 0, 𝑄𝑘

𝑤𝑘~𝑁 0, 𝑅𝑘

2 Correction update

Compute ො𝑥𝑘| 𝑘 and  𝑃𝑘| 𝑘 
• Given ො𝑥𝑘| 𝑘−1, 𝑃𝑘| 𝑘−1, 𝑧𝑘

• Using 𝐻𝑘 , 𝑅𝑘

𝒃𝒆𝒍 𝒙𝒌−𝟏

= 𝑁 ො𝑥𝑘−1| 𝑘−1, 𝑃𝑘−1| 𝑘−1

𝒃𝒆𝒍 𝒙𝒌

= 𝑁 ො𝑥𝑘| 𝑘 , 𝑃𝑘| 𝑘



Kalman Filter Block Diagram

State Prediction

ො𝑥𝑘| 𝑘−1 = 𝐹𝑘  ො𝑥𝑘−1| 𝑘−1 + 𝐵𝑘 𝑢𝑘

State estimate at 𝑡𝑘−1

ො𝑥𝑘−1| 𝑘−1

Control 𝑢𝑘

Compute Innovation

መ𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘 ො𝑥𝑘| 𝑘−1

ො𝑥𝑘| 𝑘−1

Observation 𝑧𝑘

State Correction

ො𝑥𝑘| 𝑘 =  ො𝑥𝑘| 𝑘−1 +𝐾𝑘
መ𝛽𝑘

መ𝛽𝑘
State 

estimate at 𝑡𝑘

ො𝑥𝑘| 𝑘

State Covariance Prediction

𝑃𝑘| 𝑘−1 = 𝐹𝑘𝑃𝑘−1| 𝑘−1𝐹𝑘
⊤ + 𝑄𝐾

State Covariance at 𝑡𝑘−1

𝑃𝑘−1| 𝑘−1 Innovation Covariance 

𝑆𝑘 ≔  𝐻𝑘𝑃𝑘| 𝑘−1𝐻𝑘
⊤ + 𝑅𝐾

𝑃𝑘| 𝑘−1 Kalman Gain

𝐾𝑘 ≔ 𝑃𝑘| 𝑘−1 𝐻𝑘
⊤ 𝑆𝑘

−1

𝑆𝑘

State 

covariance at 𝑡𝑘

𝑃𝑘| 𝑘

𝐾𝑘

State Covariance Correction

𝑃𝑘| 𝑘 = 𝑃𝑘| 𝑘−1 − 𝐾𝑘 𝑆𝑘 𝐾𝑘
⊤

𝐾𝑘

True State Transition Model

𝑥𝑘 = 𝐹𝑘 𝑥𝑘−1 + 𝐵𝑘 𝑢𝑘 + 𝑣𝑘

True Measurement Model

𝑧𝑘 = 𝐻𝑘 𝑥𝑘 + 𝑤𝑘

𝑥𝑘
𝑥𝑘−1 𝑧𝑘

𝑢𝑘

𝑣𝑘 ~𝑁 0, 𝑄𝑘 𝑤𝑘 ~𝑁 0, 𝑅𝑘 True Robot



Kalman Filter Block Diagram

State Prediction

ො𝑥𝑘| 𝑘−1 = 𝐹𝑘  ො𝑥𝑘−1| 𝑘−1 + 𝐵𝑘 𝑢𝑘

State estimate at 𝑡𝑘−1

ො𝑥𝑘−1| 𝑘−1

Control 𝑢𝑘

Compute Innovation

መ𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘 ො𝑥𝑘| 𝑘−1

ො𝑥𝑘| 𝑘−1

Observation 𝑧𝑘

State Correction

ො𝑥𝑘| 𝑘 =  ො𝑥𝑘| 𝑘−1 +𝐾𝑘
መ𝛽𝑘

መ𝛽𝑘
State 

estimate at 𝑡𝑘

ො𝑥𝑘| 𝑘

State Covariance Prediction

𝑃𝑘| 𝑘−1 = 𝐹𝑘𝑃𝑘−1| 𝑘−1𝐹𝑘
⊤ + 𝑄𝐾

State Covariance at 𝑡𝑘−1

𝑃𝑘−1| 𝑘−1 Innovation Covariance 

𝑆𝑘 ≔  𝐻𝑘𝑃𝑘| 𝑘−1𝐻𝑘
⊤ + 𝑅𝐾

𝑃𝑘| 𝑘−1 Kalman Gain

𝐾𝑘 ≔ 𝑃𝑘| 𝑘−1 𝐻𝑘
⊤ 𝑆𝑘

−1

𝑆𝑘

State 

covariance at 𝑡𝑘

𝑃𝑘| 𝑘

𝐾𝑘

State Covariance Correction

𝑃𝑘| 𝑘 = 𝑃𝑘| 𝑘−1 − 𝐾𝑘 𝑆𝑘 𝐾𝑘
⊤

𝐾𝑘

True State Transition Model

𝑥𝑘 = 𝐹𝑘 𝑥𝑘−1 + 𝐵𝑘 𝑢𝑘 + 𝑣𝑘

True Measurement Model

𝑧𝑘 = 𝐻𝑘 𝑥𝑘 + 𝑤𝑘

𝑥𝑘
𝑥𝑘−1 𝑧𝑘

𝑢𝑘

𝑣𝑘 ~𝑁 0, 𝑄𝑘 𝑤𝑘 ~𝑁 0, 𝑅𝑘 True Robot



Kalman Filter Overview

State Transition Model
𝑥𝑘 = 𝐹𝑘  𝑥𝑘−1 + 𝐵𝑘  𝑢𝑘 +  𝑣𝑘

𝑢𝑘

𝒃𝒆𝒍 𝒙𝒌

= 𝑁 ො𝑥𝑘| 𝑘−1, 𝑃𝑘| 𝑘−1

Sensor Model
𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘𝑥𝑘 +  𝑤𝑘

Prediction update1

Correction update 2

𝑧𝑘

1 Prediction update

• ො𝑥𝑘| 𝑘−1 = 𝐹𝑘  ො𝑥𝑘−1| 𝑘−1 + 𝐵𝑘  𝑢𝑘

• 𝑃𝑘| 𝑘−1 = 𝐹𝑘𝑃𝑘−1| 𝑘−1𝐹𝑘
⊤ + 𝑄𝐾

𝑣𝑘~𝑁 0, 𝑄𝑘

𝑤𝑘~𝑁 0, 𝑅𝑘

2 Correction update

• መ𝛽𝑘 ≔ 𝑧𝑘 − 𝐻𝑘 ො𝑥𝑘| 𝑘−1

• 𝑆𝑘 ≔  𝐻𝑘𝑃𝑘| 𝑘−1𝐻𝑘
⊤ + 𝑅𝐾

• 𝐾𝑘 ≔ 𝑃𝑘| 𝑘−1 𝐻𝑘
⊤ 𝑆𝑘

−1

• ො𝑥𝑘| 𝑘 =  ො𝑥𝑘| 𝑘−1 +𝐾𝑘
መ𝛽𝑘

• 𝑃𝑘| 𝑘 = 𝑃𝑘| 𝑘−1 − 𝐾𝑘 𝑆𝑘 𝐾𝑘
⊤

𝒃𝒆𝒍 𝒙𝒌−𝟏

= 𝑁 ො𝑥𝑘−1| 𝑘−1, 𝑃𝑘−1| 𝑘−1

𝒃𝒆𝒍 𝒙𝒌

= 𝑁 ො𝑥𝑘| 𝑘 , 𝑃𝑘| 𝑘



Outline

• Recap last lecture

• Examples

• Kalman Filter Algorithm

• Application: 1D robot position estimation



1D robot position estimation
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