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* Recap last lecture

« Kalman Filter Performance

* Application: 2D robot position estimation
* Linearization of Nonlinear Models
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Recap: Belief Representation

* We represent the robot not just using a single possible position but
also a possibly infinite set of positions.

* In this approach, the belief is modeled by a probability distribution
function bel(x).

* In this approach, beliefs are
represented by conditional

probability distributions: ‘E‘
bel(x) = p(x|y) i'

i

-

The belief function bel(x) is our
best guess of the robot’s state x.




Recap: Kalman Filter

uk X
Gaussian Linear

State Transition Model Gaussian
/xk=Fkxk—1+Bkuk+vk \
bel (x;_1) 0 Prediction update

= p(xXk-11Zk-1,Ug-1)

bel (x)
bel (x;) e
= p(xx|Zx, Ur) Correction update a/

/ Sensor Model

Br = zx — Hpxpe + wy

Gaussian Linear
Zi




Recap: State Transition Probabilistic Model

X = Fk Xi—-1 +Bk Up +vk

* If x,,_, and v, are two random variables that are independent and
have a Gaussian distribution, then x;, will also have a Gaussian
distribution.

Random xj;_;

Random v, Sta.te. Random xj,
Transition >
Known Uy . Model
Note that u, is not a random :

variable but a known input.



Recap: Measurement Probabilistic Model

bx = Zx — Hyxyp + wy

* If x;, and w;, are two random variables that are independent and
have a Gaussian distribution, then S, will also have a Gaussian

distribution.

Random x;,

Random w;,

Known z;,

Note that z, is not a random
variable but a known input.

| Measurement

Model

Random g,

—




Example Estimation Problems

* 1D robot position: 2D robot position and velocity
« State x(t) = é(t) ER - State x(t) = (£(¢), v(t)) € R*
 Velocity sensor u(t) € R  Acceleration sensor u(t) € R?
» Position sensor z(t) € R » Position sensor z(t) € R?




Ka I m a n F i Ite r Ove rVi eW 0 Prediction update

Compute Xy x—1 and Py x4
* Given X _q) k-1, Pe—1] k-1 Uk
» Using Fy, By, Qx

Uk
l URNN(OJ Qk)

State Transition Model

/xk:Fkxk—l"l'Bkuk‘l' Vg
Prediction update
bel (xy_1) 0

= N(£k—1| k-1 Pr-1] k—1)

bel (xy)
bel (x;) = N(flq k-1, P| k—1)
= N(Zk) o Pi )

Correction update a
Sensor Model
By = z;, — Hyxp + wy e Correction update
w~N(0, R}, Com.pute ick| rand Py
Z,  Given xk|k_1, Pk|k—1/ Zy
° USing Hk! Rk




Ka I m a n F i Ite r Ove rVi eW 0 Prediction update

* Xg|k-1 = Fx Xg—1k-1+ Br Ug
* Pyik—1 = FixPr—q k-1F¢ + Qx

Ug
l URNN(OJ Qk)

State Transition Model

/xk:Fkxk—l"l'Bkuk‘l' Vg
Prediction update
bel (x;_1) 0 g

= N(fk—u k-1 Pr—1] k—1) bel (xk)
= N(Xy| -1, Pyl %
bel (x;) ( k| k-1 Tk k 1)
= N(Xy( %, P
( el ker k] k) Correction update a
Sensor Model
By = z;, — Hyxp + wy e Correction update
wi~N (0, Ry) * PBr =z — HpXy| -1
— T
Z * Sk = HpPgx-1Hx + Rk

* Ky = Pyjx—1 Hp (Sp)7!

* Xk|k = Xk k-1 TKiPxk
* Pujk = Prjx-1 — Ki Sk K¢




Kalman Filter Block Diagram

Xk-1 VA
—*| True State Transition Model Xk .| True Measurement Model K _
Uk > xk=Fkxk_1+Bkuk+vk i Zk:Hkxk+Wk g
v ~N(O, Qk)I Iwk ~N(0,R},)
Control uy, Observation z,
State estimate at ¢, _ y y
S el — 2 _ 5 State
Xk—1| k-1 g State Eredlctlon ki k-1 |  Compute Innozatlon Pk estimate at t;,
Xie| k=1 = Fre Xp—1) =1+ B ux Bi = 7z — HyXy| k-1 %
> State Correction k| k R
Xk = Xiep -1 T KB
Ky
State Covariance at t;_,
Pk—1| k-1 R State Covariance Prediction Pkl k-1 Innovation Covariance SL Kalman Gain
> _ T > — T > — T -
Pyl k-1 = FiePr—1)k-1Fi + 0k Sk = HyPrr-1H; + Rk Ky = Py k=1 Hy (Si)™*
State
covariance at t;
Py k
K State Covariance Correction

-
Pk = Pijk—1 — Kie Sk Ky




Kalman Filter Block Diagram

Xk—-1
—*| True State Transition Model Xk .| True Measurement Model “k _
Uk > xk=Fkxk_1+Bkuk+vk i Zk:Hkxk+Wk g
v ~N (0, QR)I Iwk ~N(0,R},) T Real Robot
Control uy, Observation z, l KF Algorithm
State estimate at ¢, _ y 4
S el 2 _ 5 State
Xk—1| k-1 g State Erediction ki k-1 |  Compute Innozatlon Pk estimate at t;,
Xie| k=1 = Fre Xp—1) =1+ B ux Bi = 7z — HyXy| k-1 %
> State Correction k| k R
Xk = Xiep -1 T KB
Ky
State Covariance at t;_,
Pk—ll k-1 - State Covariance Prediction Pkl k-1 Innovation Covariance SL Kalman Gain
> _ T > — T > . T -
Pyl k-1 = FiePr—1)k-1Fi + 0k Sk = HyPrr-1H; + Rk Ky = Py k=1 Hy (Si)™*
State
covariance at t;
Py k
K State Covariance Correction

>
Pk = Pijk—1 — Kie Sk Ky




1D robot position estimation

Robot
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Kalman Filter Performance

Position
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Robot Position History

Step Index

Experiment a: Initial Error in mean X,
Measurement frequency 1/8 Hz
Measurement variance R, = ¢2 = 0.01
Control variance Q, = ¢ = 0.03
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Experiment b: High measurement uncertainty
Measurement frequency 1/2 Hz

Measurement variance R, = 02 = 0.9

Control variance Q, = ¢ = 0.03



Observations

 Robustness to Initial Estimate Errors:

* One of the key advantages of the Kalman filter is its ability to recover from
poor initial guesses for the system state.

* Even if the initial state estimate is far off, the measurement updates
gradually correct the estimate.

* This correction happens because the Kalman gain adjusts over time,
iIncreasing the weight on measurements when uncertainty in the estimate is
high.

Robot Position History
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7/ X
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Step Index

Experiment a



Observations

 Effect of Q, and R:
* R, represents how much you frust the measurements.
* @, represents how much you trust the motion model.
« Case R;, < Qy:
 Filter gives more weight to measurements.
» Estimates will follow measurements closely.
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Observations

 Effect of Q, and R:
* R, represents how much you frust the measurements.
* @, represents how much you trust the motion model.
« Case R;, > 0Qy:
* Filter trusts the model more than the measurements.
» Estimates become smoother and less noisy
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» Application: 2D robot position estimation




2D robot position estimation

* Robot State: 2D position and velocity
« x(t) = (£, v(t)) € R?

« Control input: PC acceleration sensor at 1 Hz
*u(t) =a()+n), n)~N@OQ)

* Observation input: EC position sensor at 1/Ts Hz
o z(t) = &(t) + w(t), w(t)~ N(0,R)

« Kinematic model:

C oy [E@Y) _ (v(®)
x(t) = (v(t)) B (a(t) )

Q = diag (051» 052)

R = diag (Uzzp Uzzz)

PC: proprioceptive
EC: exteroceptive



2D robot position estimation

e Kinematic model: Discretiza;[cio[mg:c
. < _ f(t) _ U(t) i ~ 2k Atk—l
HO - <v<t>> ~(a0))

« State Transition model:
X = Fiexp—1 + By ug + 1y
« Measurement model:
Zk — Hkxk -+ Wk

l

(I, At B _((At)zlz)
Fo=(o7, T10) Ho=( 0aa) B=(307),

Qi = diag (051» 052)» R; = diag (0z21» Uzzz)




Results of Kalman Filter

 The uncertainty ellipses illustrate the covariance around the

fkk

N\

) at each timestep.
Uk|k

filter's estimated position Xy, = (

Real-Time Kalman Filter
Prog:_e_ss Noise=0.10, Measurement Noise=0.50
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Results of Kalman Filter

* [n two dimensions, the covariance matrix for the position state can
be visualized as an ellipse whose shape and orientation show how

uncertain or “spread out” the estimate is.

1.A larger ellipse means the filter is
less certain about the position, e.g., if
measurement noise is high or few
measurements have arrived.

2.A smaller ellipse means the filter has

converged to a more precise belief -

about the current position.
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Real-Time Kalman Filter
Prog_e_;s Noise=0.10, Measurement Noise=0.50




Confidence Intervals

* 1D Case (Single State Variable):
+ 68.3% Cl -> £y + 10
+ 95.4% Cl -> £, * 20
* 99.7% CIl -> Xy, £ 30 _ _ =—a=
where o = /Py , the standard deviation. TR e e e




Confidence Intervals

* 1D Case (Single State Variable):
+ 68.3% Cl -> &y + 10
© 95.4% Cl -> X, 20
+ 99.7% Cl -> 2y * 30
where ¢ = /Py , the standard deviation.

« 2D Case (Two State Variables):
* The state estimate %, has a confidence
ellipse, not an interval.
* The ellipse is defined by the covariance
matrix Py
* A 20 ellipsoid covers ~95% probability
if the errors are Gaussian.

I T T
e u u+o

Different standard deviations

1 1
u+20 u+3o

_________
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e Linearization of Nonlinear Models




Drawbacks of standard Kalman filter

* KF works well when dynamics and sensors are actually linear.

* Problem:
« Real-world systems (like mobile robots) often have nonlinear dynamics or
nonlinear sensors.

* One of the possible extensions of the Kalman filter to nonlinear
systems in the Extended Kalman Filter (EKF).

 The idea behind it is that it linearizes the nonlinear models around
the latest estimate Xj_q k1.




Recall: Taylor series expansion

* Given a smooth function f: R" - R, the Taylor series expansion
of order k around some given vector x, € R" expresses f(x) as a
sum of k derivatives evaluated at x,.

« Case k = 1:

fQx) = f(xo) + df (x0) (x — xop),
where df (x) = (aa_;l (x), "":Tfn (x)) € R is called the gradient of
the function f.




Recall: Taylor series expansion

* Now suppose f: R" - R", the Taylor series expansion of order 1
around a vector x, € R" is given by

f(x) = f(xo) + Jr(x0)(x — X0),

where J¢(x,) € R™ " is called the Jacobian matrix given by

df1 df1
a_xl(x) a(x)
Frl GO Nl €9

J¢(x) is usually denoted by g—i (x)




Recall: Taylor series expansion

 Note that this allows us to approximate the function f(x) near the
vector x, € R" by the linear set of equations:

f(x) = f(xo) + Jr(x0)(x — X0),

R ]Rnxn R™
0f1 d0f1
f1(x0) a_ﬁcl(xO) 6_xn(x0) X1 — Xo0,1
1= r) o 7 o ( E )
n\X n n Xn —Xn1
0 a_xl(xO) a_xn(xo)




Nonlinear State Transition Model

* The actual state transition model is nonlinear of the form
Xk = f (k-1 U Vi) [R" X R™ x RP - R"
» Using Taylor series expansion, we can approximate it as the linear

system
X = Fk Xi-1 + Bk Uy, + Gkvk

where F,, € R™"*" is the Jacobian of f with respect to x,_, evaluated
at the latest estimate xj_; | -1

—29{1 (RBr-1)k-1) - —Zf (Rr-1)k-1)
Fk = (xk_l | k—l) = : "o, : € ]:Rn n

X Ofn [~ Ofn [~
a_x:(xk—ﬂk—l) ﬁ(xk—ﬂk—l)




Nonlinear State Transition Model

 The actual state transition model is nonlinear of the form
Xk = f (k-1 U Vi) [R" X R™ x RP - R"

» Using Taylor series expansion, we can approximate it as the linear

system
X = Fk Xi-1 + Bk Uy, + Gkvk

where B, € R™" is the Jacobian of f with respect to u,; evaluated at
the latest estimate X _; x4

0f1

Bre = auk oo (Rt k1) = <6fn

aul(fk—1|k—1)

(xk 1| k- 1) afl (xk 1| k- 1)
: = RnXm

afn (Ak 1 k-1)

Note: we will not use the matrix B, at all !



Nonlinear State Transition Model

* The actual state transition model is nonlinear of the form
Xk = f (k-1 U Vi) [R" X R™ x RP - R"
» Using Taylor series expansion, we can approximate it as the linear

system
X = Fk Xi-1 + Bk Uy, + Gkvk
where G, € R™"*? is the Jacobian of f with respect to v, evaluated at
the latest estimate X _; x4

P (feaypen) afl( -1 k-1)

Ok = avk 7ur (B 1k-1) = € R™P

aﬁi (Re-11k-1) af”( -1 k-1)



Nonlinear Measurement Model

* The actual measurement model is nonlinear of the form
Zx = h(x, W) h:R™ x Rt —» RY
» Using Taylor series expansion, we can approximate it as the linear

system
Zx = Xk + Lka

where €ER Is the Jacobians of h with respect to x evaluated
at the prediction xj | -1

ahl(Aklk ) ahl(Aklk 1)

= axk(xk|k 1) eER

0
hq(xklk 1) xn(xklk—l)



Nonlinear Measurement Model

* The actual measurement model is nonlinear of the form
Zx = h(x, W) h:R™ x Rt —» RY
» Using Taylor series expansion, we can approximate it as the linear

system
Zx = Xk + Lka

where L, € R7%! is the Jacobian of h with respect to wy evaluated at
the prediction Xy | ;4

k|k ) g::ll Xk | k- 1)

Ly = aa_vclk(fk | k—1) g : € R%!
a—wl(xmk—l) ' awl (xk|k 1)

6h1 (/\
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